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Abstract: 

We establish a new weak coupling limit in F-theory. The new limit may be thought 
of as the process in which a local model bubbles off from the rest of the Calabi-Yau. The 
construction comes with a small deformation parameter t such that computations in the 
local model become exact as t — >■ 0. More generally, we advocate a modular approach 
where compact Calabi-Yau geometries are obtained by gluing together local pieces (log 
Calabi-Yau spaces) into a normal crossing variety and smoothing, in analogy with a 
similar cutting and gluing approach to topological field theories. We further argue for a 
holographic relation between F-theory on a degenerate Calabi-Yau and a dual theory on 
its boundary, which fits nicely with the gluing construction. 
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1. Introduction 

In type II string theories, gauge and matter fields are localized on submanifolds of the 
ten-dimensional space-time. Therefore the study of type II compactifications (or their 
M/F-theory versions) usually proceeds by splitting the analysis in two steps: first one 
studies a local model in detail, and then one tries to embed it in a global UV completion. 
Furthermore, it has been suggested that the hierarchy between the weak scale and the 
Planck scale, or between the GUT scale and the Planck scale, make such a two-step 
procedure natural. This raises the important question: what is the precise relationship 
between the local model and the global model? 

One expects that a local model will arise as a limit of a global model. In [1] a decoupling 
limit was defined by taking the ratio of the volume of the divisor supporting the Standard 
Model and the volume of the total space to zero. In F-theory, this was studied in detail 
in [2, 3]. However, this is a limit in the Kahlcr moduli space, which has no effect on the 
complex structure of a global model. In the holomorphic world, functions are determined 
by their behaviour on a small neighbourhood, so 'infinity does not decouple.' 

We can also see this at the level of the effective action. The Ad N — 1 supergravity is 
characterized by a Kahler potential /C, a superpotential W and a gauge kinetic function /. 
Non-renormalization theorems restrict the dependence of W and / on the Kahlcr moduli. 
As a result, they are largely unchanged in the limit above, and remember the structure 
of the global model. 

In the present paper, we will address this question more systematically for F-theory 
models, although our ideas should also apply to other settings, such as the situation 
considered in [1]. Prom the above discussion it is clear that we need to take a limit to 
a boundary of the complex structure moduli space. But this must be done carefully, 
for otherwise the relation between the local and the global model will be very hard to 
understand. We will see that one can bubble off local models from global models by semi- 
stable degeneration. In particular, we will define a new type of semi-stable degeneration 
in F-theory which recovers the local models studied in [2] from a global model. (For 
earher work, see [4, 5, 6].) If the global model admits a K3 fibration, then we recover 
a known semi-stable degeneration of the K3 fibers. However, our method also applies if 
there is no K3 fibration. 

The main purpose of this paper however is to place the results of section 2 and ref- 
erence [7] in a broader perspective. Namely we would like to discuss the roles played by 
degeneration and its converse, which is a nice way to construct global models from local 
pieces, as a cutting-and-gluing procedure in holomorphic field theories. 

To explain this, let us first define the notion of a log Calabi-Yau space, since this has not 
yet percolated to the physics literature and it is one of the fundamental concepts studied 
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in this paper. We define a log Calabi-Yau to be a pair [X, D), where X is a variety and D 
is an effective divisor in X such that the log canonical class K(^x,d) = Kx + D vanishes. It 
admits a unique (n, 0)-form which is is holomorphic on X\D and has a logarithmic pole 
along D, whose residue is the holomorphic (n — l)-form of D. A log Calabi-Yau should be 
thought of as the holomorphic analogue of a real and oriented manifold with boundary. 

Now we start with a disconnected sum of Calabi-Yau manifolds with boundary, say 
{Xi,D) and {X2,D) in the simplest case. Then we glue these pieces together along the 
boundaries into a normal crossing variety 

Fo = X^UdX2. (1.1) 

Finally when Yq has a log structure and satisfies other mild hypotheses, we can deform Yq 
to a smooth global model Y^, where i e C is a parameter, by the fundamental smoothing 
theorem of Kawamata and Namikawa [8] . Obviously this construction comes with a small 
parameter and a built-in degeneration limit. 

In order to make use of this technique in F-theory, it is crucial to know that when Yq 
has an elliptic fibration, this continues to hold for the smoothings Yt. We posed this as 
an open problem at a recent meeting on string theory for mathematicians at SCGP. To 
our delight, Janos KoUar has now settled this in the affirmative and proved a number of 
additional results in [9]. We include a discussion of some of his results in section 3.4. 

Now for physics purposes we are not just interested in complex manifolds per se, but 
in holomorphic field theory on such space, that is a theory which depends on the complex 

structure but not on the Kahler moduli. So in order to use surgery ideas, we want to 
know how a holomorphic field theory behaves on a family Yt. We expect that its partition 
function and correlators behave nicely in a semi-stable degeneration limit, and that these 
quantities can in fact be constructed explicitly from the limit as an expansion in t. 

Furthermore, we expect an interesting interplay between the theory in the bulk and 
the theory on the boundary. In particular for the case of degeneration in F-theory, we will 
argue in sections 3 and 4 that computations can also be performed 'holographically' in 
the boundary theory. We discuss some expected features of the boundary theory and how 
various known examples fit the pattern. We believe these points give a new perspective 
on compactifications in which log varieties play a central role, for F-theory and more 
generally for string or field theories on complex spaces. 

Coming back to F-theory, recall that for F-theory compactifications to eight dimen- 
sions there are essentially only two weak couphng hmits (more precisely, type II degener- 
ations [10]), which yield the Fg x Fg and the 50(32) heterotic string. As will hopefully 
be clear, below eight dimensions there seems to be a veritable zoo of new degeneration 
limits, and the methods discussed in this paper allow one to construct them. The global- 
to-local degeneration which splits off a local dPg-fibration will be our main example in 
this paper, but much more exotic examples could be considered. A closely related paper 
[7] examines another new type of degeneration, namely a stable version of the Sen limit. 
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Figure 1: Gluing a Calabi-Yau manifold from local pieces. 

from the general point of view advocated here. 

In section 4 we discuss the t-dependence of the Lagrangian in a degeneration limit 
by applying the theory of mixed Hodge structures. Although somewhat abstract, this 
approach is extremely powerful and allows us to fix much of the physics from very little 
input. An interesting aspect of this analysis is the interpretation of brane superpotentials 
as describing an obstruction to splitting the mixed Hodge structure into pure pieces. 

Our approach answers several questions that were not clear previously. Regarding 
the construction of phenomenological GUT models along the lines of [2], we believe that 
one of the most important issues that are clarified is that there is a new small expansion 
parameter t in the game, which we identify explicitly, such that holomorphic calculations 
in the local model become exact in the limit t — )■ 0. This explains to what extent we can 
trust the picture of local models, and makes the notion of 'dropping the subleading 
terms' in [2] more precise. 

We believe that having such a small modulus is an important step forward in under- 
standing global models, raising various interesting phenomenological questions. Although 
the net amount of chiral matter cannot change if we continuously vary t, more detailed 
properties of the effective Lagrangian definitely depend on t, as seen in section 4. The 
behaviour of the Galabi-Yau metric as t — )■ has not been much investigated, but one 
expects an anisotropic picture as shown in figure 1, where points on different local pieces 
get infinitely separated in the limit. The modulus t may also play a role in the issue of 
sequestering. 
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2. Local and global models 

2.1. Semi-stable degeneration 

The data of an F-theory compactification consists of an elliptically fibered Calabi-Yau 
manifold with section, and a configuration for a three- form field C3 with flux G4 = dC^. 
In the present section, the focus will be on aspects of the Calabi-Yau geometry. We will 
typically have in mind elliptic fourfolds tt : y — > S3, although the considerations will be 
more general. 

We would like to define global-to-local degenerations for F-theory models. By this, wc 
mean we would like to bubble off a four-fold consisting of a (iPg-fibration over a divisor S 
in B3, which should capture the behaviour of the elliptic fibration n : Y ^ along S. 
As in [2], we could do a further degeneration along the lines of [11], in order to relate the 
dPg-fibration to a Hitchin system. 

Let us consider a flat family ny : y ^ A, where A is a disk parametrized by a 
variable t, such that the generic fibers are smooth but the central fiber 7r^^(0) is not. We 
will actually be interested in fibers with certain types of singularities, which can however 
be resolved and followed through the degeneration. This caveat will not affect the validity 
of our techniques however. 

In order to get a reasonable limiting behaviour, the degeneration needs to be fairly 
mild. Specifically, we will be able to achieve our objectives by a semi-stable degeneration. 
This means that the total space y of the family is smooth and the central fiber is reduced 
and has at most normal crossing singularities. In local coordinates {zi, . . . , , Zn), a normal 
crossing singularity is a singularity given by an equation of the form zi ■ ■ • Zk — 0. 

According to Mumford's semi-stable reduction theorem, any degeneration may be put 
in the form 

Zf -Zk = t (2.1) 

for small t, possibly after a base change (i.e. pulling back the base of the family by 
an analytic map A — )■ A) and then blowing up and down. A semi-stable degeneration 
need not be unique, as there may be many different birationally equivalent models. A 
degeneration is said to be stable if in addition, the central fiber has no infinitesimal 
automorphisms . 

Semi-stable degenerations have a number of nice properties. One of these properties 
is that they essentially become 'smooth' if we include logarithmic differential forms. Let 
us denote the fibers vr^^(t) by Yf, and the normal crossing divisor of Yq by Z. Suppose 
that in local coordinates, the equation of Z is given by ^1 • • • = 0. Let us consider the 
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spaces 

n|.(logZ) (2.2) 

of logarithmic differential forms on Yq. For q — 1, this is defined to be the subsheaf 
of meromorphic differential forms on Yq generated by dzi/zi ior 1 < i < k and dzi for 
+ 1 < i < n, together with the relation 

^ + ... + ^ = (2.3) 

For larger q we just take exterior powers. More generally one can define logarithmic 
forms with respect to a log structure, but we will not do so here. The exterior derivative 
takes logarithmic forms to logarithmic forms, so we get a complex and we can compute 
cohomology. It will be convenient to use the short-hand notation 

Ht,{Yo) = M'iYoMYoi^ogZ)) (2.4) 

for the logarithmic de Rham cohomology of Yq. The spectral sequence for H'^ degenerates 
at El, so we get the decomposition H^^^iYo) = '^f^^^^^HP{flY^{\ogZ)) on Yq. As motiva- 
tion for section 3, suppose that k = 2 and Wi, W2 are the components of Yq. Then the 
restriction to Wi of r2y^(log Z) is just the log canonical bundle fl]y.{Z) of the pair (Wi, Z). 
In particular if Yq is Calabi-Yau in the sense that f2yp(logZ) is trivial, then each (Wi, Z) 
is log Calabi-Yau. 

In a degeneration limit, the ordinary cohomology typically jumps, as some classes on Yt 
will disappear from the cohomology, and some others may appear. According to the work 
of Steenbrink [12], the cohomology of logarithmic forms gives a geometric way to realize 
the 'nearby cocycles' on Yq. Concretely, for a normal crossing degeneration the sheaves of 
differential forms Vty^ naturally fit together into a locally free sheaf r2^^^(log Yq) of relative 
forms, whose restriction to the central fiber yields VLy^ilogZ). Similarly, the sheaves 
RPi^y^Ql^yj^ilogYQ) are locally free over the base, i.e. they correspond to holomorphic 
vector bundles over the base. The fiber over t 7^ is given by H^{VIy^) and the fiber over 
t = is given by H^{VLY^{\ogZ)). In particular, the dimensions of the cohomology groups 
{VLy^ilog Z)) coincide with the Hodge numbers h^''^(Yt) of the smooth fibers. As we will 
see later, these results (and some additional properties discussed in appendix A) are very 
helpful for elucidating the physics of a semi-stable degeneration. 

We will also need to introduce the logarithmic tangent bundle, T(— log Z), as the dual 
of the logarithmic cotangent bundle il^(log Z). In the local coordinates above, T(— log Z) 
is generated by Zid/dzi for i = 1, . . . ,k and d/dzi for i = k + 1, . . . ,n, together with 
the relation ^\^iZid/dzi = 0. The tangent space to the smoothing component of the 
deformation space is given by H^(T[— log Z)) [13]. By contracting with the logarithmic 
(n, 0) form, we can relate this to (log Z)). 
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Another nice aspect of semi-stable degeneration is that the asymptotic behaviour 
of the Hodge structure is rather well understood. In particular, we can use the orbit 
theorems [14] to qualitatively understand the asymptotic behaviour of the Lagrangian in 
the degeneration limit, as we will discuss later. 

2.2. Normal cone degeneration 

Let us first focus on the base i?3 without worrying about the elliptic fibration. Suppose 
that the discriminant locus contains a a smooth divisor S G oi ADE singularities. We 
would like to be able to 'zoom in' on S, i.e. we would like to be able to consider the 
first order neighbourhood of S in B3. There is a construction in algebraic geometry 
which allows us to do this, namely the degeneration to the normal cone. We will first 
quickly review this construction and refer the interested reader to [15] for more details. 
Then in the next subsection, we will show how the elliptic fibration can be extended over 
the normal cone degeneration of B3, yielding a semi-stable degeneration of the elliptic 
fourfold. 

The deformation to the normal cone is constructed as follows. We consider the constant 
family 

B ^ BsxC (2.5) 

parametrized hy t E C We have the projection ttb : B — > C and all fibers are canonically 
isomorphic to B3. Then we blow up B along the subvariety S x {0} C S to obtain a variety 
B with exceptional divisor E G B, with E isomorphic to the projectivization P(0 © Ng) 
of the normal bundle Ns of S in B^. Via the projection : B ^ C, we get another 
family of varieties parametrized by t. Let B G B he the proper transform of B3 x {0}, 
which projects isomorphically to B3 via the composite map B ^ B ^ B3, where the first 
map is the map p : B ^ B which blows down E G B to S x {0} C B and the second map 
is the projection tti of B = S3 x C to its first factor S. 

Let us consider the structure of the family B in more detail. Obviously for t 7^ 0, the 
fiber 7r^^(t) is still isomorphic to B^. However for i = we get something interesting. We 
claim that 

Bo := 7r^\0) = E U B. (2.6) 

Furthermore, these two components are glued in the following way. We can think of 
E = P(0 © Ns) as the compactification of the total space of Ns by a section at 
infinity. In this realization, the zero section of Ns is identified with a section 5*0 of 
P(C © Ns). Then the two components are glued by identifying 5'oo C P(0 © Ns) with 
the original divisor S G B^ — B. 

Let's check (2.6) and the assertions below it by writing down the defining equations 
for Bq explicitly. The divisor S is the zero locus of a section s of OB^iS). Thus the 
locus S X {0} that we are blowing up is given by s = t = 0.^ The blowup can be 

^Here we have chosen a global construction of the blowup. Alternatively, one can pick local equations 
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constructed as a hypersurface in the fourfold P((9^.^ © (9^,^(5')), a P^-bundle over S3. To 
partially coordinatize this fourfold, we introduce two additional variables u and v, with 
{u, v) taking values in Ob © Ob{S), and then we identify {u, v) ~ {Xu, Xv) for any A G C*. 
The hypersurface B C P(Cb3 © OssiS)) is given by the standard equation of a blowup 

su-tv = 0. (2.7) 

When s and t are not both zero, we find that u and v are uniquely determined up to 
the action of C*. When s — t — 0, we get an extra parametrized by {u,v). So for 
each point on x {0}, we grow an extra P^, showing that the exceptional divisor E is 
a P^-bundle over S. After restricting to the exceptional divisor E, i.e. setting s = t = 
in (2.7), we see that {u,v) take values in P{0 © Ns), since Ob{S) restricts to Ns on S. 
This completes the demonstration that E' ~ P((9 © Ns). The zero section 5*0 is given by 
V — 0, and 5*00 is given by u — 0. 

The total space B is smooth, but the fibers of are not. For i 7^ 0, we get a variety 
isomorphic to B3 as noted above. But for t — 0, we get two components, as the equation 
(2.7) becomes su = 0. Away from the zeroes of s, we get u = 0, hence a copy of Bs (with 
S excised). Away from the zeroes of u, we get s = 0, hence the exceptional divisor (minus 
5*00) • So altogether, for t = we get a normal crossing variety with two components. 

Let's now take a closer look at the intersection E (1 B oi the two components. As we 
have seen above, Bq = E U B is the subvariety of B defined hj t = su = 0. The two 
components of Bq are therefore defined hy s — t — and s — u — 0. Since the former are 
the equations oi S x {0} C B, they define the exceptional divisor E after puUing back to 
B. Since B3 x {0} is defined by t = 0, its proper transform B is given by the remaining 
component, s = u = 0. Finally, the components intersect in the curve E Cl B defined by 
s = t = u = 0. Viewed as a curve inside E it is defined by m = hence is identified with 
(S'oo- Viewed as a curve inside B it is defined by s = 0, hence is identified with S. 

This completes the justification of all of our claims about the geometry of Bq. 

Note that the normal cone degeneration itself is not a complex structure deformation 
in the usual sense. All the fibers for t 7^ are isomorphic, and ai t — the fiber Bq 
'jumps.' There is no monodromy around t — 0. However, nontrivial monodromy will 
occur once we put a suitable elliptic fibration over B. 

2.3. Degenerating the elliptic fibration 

Our next task is to identify a degeneration for the full Calabi-Yau, including the eUiptic 
fibration. We will do this by extending the elliptic fibration over the one-parameter family 
considered in the previous subsection, obtained from deformation to the normal cone of 

fa = for 5* in open sets Ua and construct the blowup locally, then glue the patches of the blowup 
according to how the fa change between patches. 
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a divisor S (Z B. This will give us a family y, with fibers Y-t, such that 

Yo = WiUzW2 (2.8) 

where Wi is an elliptic fibration over E and W2 is an eUiptic fibration over B B^. 
Furthermore, Wi will have the structure of a dPg-fibration over S. 

Let S3 be a smooth three-dimensional F-theory base. We can describe an ellip- 
tically fibered Calabi-Yau y — )■ S3 in generalized Weierstrass form. Given sections 

G H'^{B3, —iKBa), we can write the equation of an elliptic fibration over B3 in the 
form 

+ aixy + a-^y = x'^ + a2X^ + a^x + uq. (2.9) 
If we now replace the by t-dependent sections ai{t), we will get a family 

y'^ + ai{t)xy + a^{t)y = + a2{t)x'^ + a4:{t)x + ae{t). (2-10) 

of elliptically fibered Calabi-Yau fourfolds parametrized by t, which we can also view as an 
elliptically fibered Calabi-Yau fivefold over B. We now want to understand what happens 
when we pass to the normal cone degeneration by blowing up 5" x {0}. A modification is 
needed since the blowup spoils the Calabi-Yau condition. 

The modification is simple enough: we merely have to ensure that the ai(t) remain 
sections of H^{B, ~^-^b) after puUback to B in order to preserve the Calabi-Yau condi- 
tion. This would make y a Calabi-Yau fivefold, eUiptically fibered over the fourfold B. 
Composing with the projection tt^ : B — )■ C, we see that via i^y : y ^ C,y can be viewed 
as a family of threefolds Yt parametrized by t G C. Each Yt, including Yq) is Calabi-Yau 
by the adjunction formula and the Calabi-Yau property of 3^, as the divisor class of Yf is 
trivial since Yt is the pullback of a point t G C by the projection Tiy. 

The formula for the canonical bundle of the blowup gives 

K^ = P*{Kb)+E. (2.11) 

from which it follows immediately that 

-iKq = p* {-iKb) - iE. (2.12) 

Then we read off from (2.12) the desired Calabi-Yau condition as the requirement that 
each ttiit) vanishes to order at least i along S x {0}. Given such an aj(t), its pullback 
to B vanishes along E with multiplicity at least i. Letting e G H'^{Oq{E)) be a section 
vanishing along E, we see that we have holomorphic sections 

d,{t) ^ G H\p* i-zKs) - lE) = {-iK^) (2.13) 
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which can be used to construct the desired eUiptically fibered y ^ B in the usual way. 

This gives the desired family of F-theory models. For t 0, Yf is eUiptically fibered 
over i?3, but Yq is given by (2.8) as a union of elliptic fibrations Wi and W2, fibered over 

the respective components E and B ~ B3 of Bq. 

The intersection Z of Yi and Y2 is eUiptically fibered over the surface S = E (1 B. In 
fact, Z is an eUiptically fibered Calabi-Yau threefold. We just have to check that the aj(t) 
restrict to sections of —iKg on S, and for that it suffices to show that restricts to Ks 
on S. But that follows from the adjunction formula: S — E f] B implies that 

Ks^^K^ + E + b'^Is, (2.14) 

while E + B — Bq is a. fiber, which we have already noted is trivial as a divisor class. 

The restriction of to Bq is in fact the dualizing sheaf of Bq, denoted cubq, which plays 
the role of the canonical bundle for Bq. This observation will be useful in Section 3.5 
when we glue local models. 

We can describe lubq in terms of its restriction to the components B and E of Bq. 
From (2.11) we read off that 

cobo\b-K^ + S. (2.15) 
We also have by adjunction that Ke — {K^ + E)\e — lobqIe — S^, hence 

coboIe ^ Ke + S^. (2.16) 

In other words, sections of on each component can be identified with sections of the 
canonical bundle with first order poles on the intersection S. 

The restriction of Kj^ to Bf for t 7^ is just the ordinary canonical bundle of Bf. In 
fact, is the relative dualizing sheaf u^^ of the family vr^. 

We will now show that Wi has the structure of a dPg fibration over S. Recall the a dPg 
arises as an elliptic fibration over constructed from (2.9) with G i7°(P^, Cpi (i)). 
So we just have to show that —K^ restricts to Opi(l) on the fibers of the projective 
bundle E — P(0 ® Ns). But this follows immediately from (2.11) as p*{Kb) has trivial 
restriction to the fibers while 0^{E) restricts to Cpi(— 1). 

Physically the reason we are interested in this degeneration is because we may have 
singular fibers corresponding to an enhanced gauge symmetry along S, and we want to 
capture this geometry in a local model. So we now specialize (2.9) to one of the Tate forms 
[16, 17] which imply that we have enhanced gauge symmetry along S. We investigate when 
we can follow this singularity through the degeneration to the normal cone and preserve 
the singularity type when we get to Bq, while "pushing the singularity away from S3" 
by putting the singularity at 5*0 C which is disjoint from S ~ S3. For simplicity, we 
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stick to simply laced cases where we do not need to worry about monodromy issues. So 
we simply need to control the order of vanishing of the aj along S and of the aj(t) along 
^o- Let's say that the desired order of vanishing of Oj along S is rii for the appropriate 
gauge group. We need to assume the hypothesis that Ui < i. The ADE types of such 
singularities correspond to subgroups of £^8- 

Claim: Suppose that the aj(t) satisfy the Calabi-Yau condition that it vanishes to order 
at least i on 5" x {0}, and furthermore that the ai{t) vanish to at least order rii on all of 
5* X C. Then after the blowup which realizes the normal cone degeneration, the order of 
vanishing of ai{t) along So <Z E G Bq is also at least rii. 

Proof: By our assumptions, we can write ai{t) — s"'^fi{t) where fi{t) is holomorphic. 
Then fi{t) vanishes to order at least i — rii along E after pulling back to B. Since we only 
need the order of vanishing of ai{t) along 5*0, we can compute in local coordinates near 
Sq. We have seen that Sq C E is defined by v = 0, hence v/u = s/t is an affine A^^- valued 
fiber coordinate on the projective bundle E — P{0 © Ns), vanishing along 5*0. In this 
coordinate patch, E is defined hy t — 0. It follow that in this patch fi{t) is divisible by 
f-rii g^j^^ ^Yso that we may write ai{t) — ai{t)/f. Then we compute that 

with fi{t)/f~'"^ holomorphic. It follows that ai{t) vanishes to order at least rii along 5*0 
as claimed. 

Example. We can achieve an Eg gauge symmetry by requiring the order of vanishing 

of (ai, a2, as, 04, ae) to be at least (1, 2, 3, 4, 5). If we can choose sufficiently generic sections 
< G -i{KB + D)) for i = 1, 2, 3, 4, and a'g e H^{B, -6Kb - 5D), then the elliptic 

fibration 

y'^ + a[sy + a'^s^ = + a^s^x^ + a'^s'^x + a'^s^ (2.18) 

over has an E^ singularity along S. 

For i = 1, . . . , 4, it is automatic that ai{t) = a'^{t)s^ vanishes to order at least i along 
S X {0}. But for i = 6, ag(t)s^ need not vanish to order 6 along s = t = as required 
to get a Calabi-Yau. One way to achieve the desired vanishing is to replace a'^{t)s^ with 
a'Q{t)sH. Thus the desired degeneration is given by 

+ a[(t)sy + a'^(t)s^ = + ^(ijs^x^ + a'^{t)s'^x + a'Q{t)s^t. (2.19) 

To obtain the elliptic fibration W2 over 5, we divide ttiit) by and put t/s = to obtain 

+ a\y + 4 = 2;^ + a'^x^ + a'^x, (2.20) 

where we have put a[ — a^(0). 
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To obtain the elliptic fibration Wi over E, we instead divide each a[{t) by t\ introduce 
the local equation s — s/t which vanishes along 5*0, and set t — 0. That gives 

+ a[\ssy + a'^\ss^ = + a'^lsS^x^ + a'^\ss^x + a'^lgs^ (2.21) 

which has the required Es along Sq. 

Another example is discussed in section 3.5. 

2.4- Caveats 

Our construction made use of the Tate form of the Wcicrstrass fibration. As was 
recently investigated in [18], it is not clear if every elliptic fibration with, say, SU{5) 
singularities along a divisor S can be put in this form. Although no counterexample was 
found, we see no a priori reason why it should be the case that every elliptic fibration 
with SU (5) singularities along S can be put in Tate form. 

For the purpose of constructing global models along the fines of [2], the more relevant 
question however is not whether one can put the eUiptic fibration in Tate form, but 
whether there exists a degeneration to a local model. If the elliptic fibration can be 
put in Tate form, then as we saw above it is fairly straightforward to construct such a 
degeneration. It is not clear to us how to construct such a degeneration directly from the 
Weierstrass form, as the conditions for having suitable singularities along S are rather 
non-linear in this formulation. But this does not mean that such a degeneration does 
not exist. Indeed, in the next section we will see another approach to constructing global 
Calabi-Yau manifolds, where the existence of a degeneration is built in from the start. 
This method makes no reference to the Tate form, only to the Weierstrass form. 

On the other hand, it clearly should not be true that every single elliptic fibration 
with SU (5) singularities along S admits such a degeneration. Let us suppose that along a 
sublocus of S, the SU{5) singularity degenerates to a type of singularity that cannot be fit 
in Es, like say S'f/(100). Then plausibly the degeneration to a local dPg model should not 
exist, or should develop very bad singularities. As a rule of thumb, it seems reasonable 
to expect that the degeneration to the local dPg model exists if the singularities can be 
fit in Eg, as we saw explicitly in our construction above through the condition Ui < i. 
Fortunately this appears to be sufficient for phenomenological applications. For example 
for SU{5)gut models, generically the worst we expect is singularities of type Eq, 5*0(12) 
and SU{7) on S, all of which can be fit in Es-^ Note that Eq cannot be fit in any SO{n), 
so we expect the Sen limit to be problematic, as was indeed found in [2]. 

At any rate, the global-to-local degeneration gives a clearer justification for the use of 
Higgs bundle and spectral cover technology, since a dPg-fibration with G-flux is equivalent 
to spectral data. Similarly it gives a better justification for the 'heterotic' approach to 

^We are referring here to the singularity type of the fiber over a point in S, not the singularity type 
of the total space. It is the former that is relevant for the spectral cover/gauge theory approach. 
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instanton effects in F-theory [19]. In the remainder, we would like to place this in the 
general context of weak coupling limits and the cutting-and-gluing approach. 
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3. Gluing a Calabi-Yau from local pieces 



We have motivated the issue of degeneration on phenomenological grounds, and from 
the point of view of string duahties and weak couphng hmits. However there is another 
good motivation, based on an analogy with topological field theories. 

3.1. Some aspects of topological field theories 

Let us give some motivation by first considering topological field theories [20]. We will 
not give a systematic exposition, but rather discuss a few general features that will be 
useful below. 

A topological field theory on a closed manifold M is a quantum field theory in which 
the correlation functions are independent of the background metric. Our main interest 
here is in the gluing axiom. If the space M has a boundary dM = S, then the field theory 
produces a state in a Hilbert space "Hs given by quantizing the fields on the boundary. 
Now we can take two manifolds Mi and M2 with boundary with boundary E, and glue 
them together. The gluing axiom states how the the correlation functions are obtained 
from Ml and M2. For the partition function, this takes the form 



where Vi is a basis of "He and is the dual basis of "H^- 

The partition function of a topological field theory on a manifold M can thus be 
computed by cutting the manifold into pieces and applying the rule above. For each 
piece, the field theory determines a distinguished state in the tensor product of Hilbert 

spaces associated to the boundaries. If the pieces are simple enough, then wc may be able 
to write down this state explicitly. Then we glue the pieces back together to obtain the 
partition function on M. For beautiful examples of this paradigm, see eg. [21] or [22]. 

For the discussion below, it will also be useful to recall some aspects of Chern-Simons 
theory on a real 3d manifold M3, which we take to be closed for now. The way the Chern- 
Simons action is usually defined in the literature is as follows: we pick a real Ad manifold 
M4 such that M3 = 9M4, and we extend the gauge field A over M4. Then the action is 
defined as 



One may show that this does not depend on extension that one picks, up to an integral 
ambiguity. Namely if one chooses a different extension, then by gluing the two choices 




(3.1) 




(3.2) 
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into a closed manifold and evaluating the above action, we see that the difference between 
the two choices must be an integer, so that e^^^^ is well defined. 

The extension is not always possible, and a more complete answer has been given in 
[23]. In fact it will be useful to consider the definition of the Chcrn- Simons- type invariants 
on a general manifold X, with dimension possibly greater than three. A bundle on X 
can be thought of as an equivalence class of maps from 7 : X — > BG, where BG is the 
classifying space of the gauge group G. The bundle on X is then identified with the pull- 
back of the universal bundle EG over BG. We will take G to be connected and simply 
connected, as this simplifies things a little bit. 

Since characteristic classes behave naturally under pull-back, we can now consider 
the analogous problem for the image of the three-cycle Af under the map 7. Namely 
we ask for a bounding four-chain for 7(M). For G connected and simply connected, we 
have H^{BG, Z) = 0, so the homology class 7*[M] = and such a bounding four-chain 
exists, which then comes equipped with a G-bundle. We then extend the connection and 
integrate -^TilF A F) as before. For higher dimensional X, the Chern-Simons action is 
not canonically defined if the first Pontryagin class does not vanish on X, and we subtract 
a contribution -^Ty^Fq A Fq) of a reference connection Aq. 

For general G, we have to worry about issues resulting from torsion in the cohomology 
of BG, so we can only bound an integer multiple nj of 7. We can integrate over a 
bounding chain as before and then divide by n, but the result will only be well-defined 

up to 1/n times an integer. To properly define the theory, have to fix a cohomology class 
in H'^{BG, Z) which can be used to fix the ambiguity. When G is connected and simply 
connected, we have H^{BG, Z) = Z and we can just use the first Pontryagin class of the 
universal bundle. 

The choice of extension is not unique, and by changing the choices, we again get a 
natural discrete ambiguity. When X is a three-manifold, this gives an integer ambiguity. 
For more general X, we get such an integer ambiguity for every three-cycle, in other words 
the Chern-Simons form is defined only modulo the lattice Hs{X, Z). 

When X has a boundary, then we can proceed similarly. We glue on another manifold 
with boundary to get a closed manifold, extend the gauge field, and then apply the 
discussion above. The result depends on a choice of extension, which introduces an 
ambiguity, and is not quite gauge invariant. Under a gauge transformation which is 
non-trivial on the boundary, we have 

S{A) ^ S{A) + A dgg-') - TriQ-'dgf (3.3) 

where we can see the WZW term emerging. For simplicity, we assumed here that the 
bundle is trivial. In fact, Chern-Simons theory on D xH (with D a disk) is equivalent to 
a chiral sector of a WZW model on the boundary 5*^ x R [24] . 

If the boundary is empty, then we see from the above expression that the Chern-Simons 
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action shifts under a topological quantity, the degree of the map g : M G. This gives 
another interpretation of the ambiguities: they arise from large gauge transformations 
that are not continuously connected to the identity. 

3.2. Analogy between topological and holomorphic field theories 

In holomorphic field theories, there is obviously some dependence on the metric on 
M. Furthermore we cannot simply cut up a manifold without breaking holomorphy, so 
the conventional notion of a boundary and the gluing axiom is not so useful. Nevertheless 
there is an analogue of the cutting and gluing procedure in topological field theories which 
is compatible with holomorphy. It is given by the degeneration of the complex manifold 
to a normal crossing variety, like the degeneration we discussed in the last section. 

For physicists, this is familiar for example from the gluing construction of conformal 
blocks in 2d CFT. We can degenerate the Ricmann surface into pieces joined by a long 
neck. The neck is described algebraically by the equation 

xy = q (3.4) 

In the limit q ^ 0, the Riemann surface degenerates to a union Ei Up E2 glued along a 
puncture p. Instead of (3.1) above, for small q we can construct conformal blocks using a 
g-expansion of the form 

Z^{R,q) = Yl ^s,(e,)g"^^^^^E.(eO. (3.5) 

We want to do something similar with higher dimensional varieties. A suitable higher 
dimensional analogue of (3.4) is the normal crossing singularity. 

A further intriguing aspect of such a picture is the interplay between the theory in 
the bulk and the theory on the boundary. In fact even though the theories we are dealing 
with are not topological, in a number of known examples we can express the theory at 
small coupling entirely on the boundary. For F-theory the previously known degeneration 
limits are the 50(32) and x Eg heterotic limits. In these hmits, the Calabi-Yau sphts 
into two pieces, and the heterotic theories may be thought of as living on the normal 
crossing divisor [25, 26, 10], which we interpret as the boundary. In [19, 7], the Sen limit 
is discussed from the same point of view and gives a further example: the boundary is 
the IIB space-time. The superpotential can be computed either on the fourfold or in the 
boundary theory. 

We would like to argue that this should hold more generally. Instead of the algebraic 
arguments that have been used for the heterotic and IIB limits, we want to discuss an 
argument that is more in the spirit of topological field theory. The holomorphic analogue 
of real and orientable n-dimensional manifold with boundary is an n-complex dimensional 
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log Calabi-Yau manifold. The holomorpliic analogue of the orientation of a real manifold 
is holomorphic (n, 0)-form on the log Calabi-Yau. and the holomorphic analogue of the 
boundary is the polar divisor of the (n, 0)-form, i.e. the log divisor [27, 28]. The statement 
below was already given fifteen years ago [29] . We will give a slight variation of the original 
argument. 

The analogue of Chern-Simons theory on M3 is holomorphic Chern-Simons theory on 
a Calabi-Yau three- fold X3. We will proceed as above for conventional Chern-Simons 
theory: we try to extend our gauge fields on X^, to a log Calabi-Yau fourfold {X^^^X^), 
whose boundary is X^. Then we try to define the holomorphic Chern-Simons action as 



This action would normally seems to depend on the extension one picks. The choice 
of extension may not be unique, and as before this gives rise to a natural ambiguity. 
Furthermore, the holomorphic Chern-Simons action is in general not canonically defined, 
but depends on a choice of base point. We can eliminate the dependence on a reference 
connection only when Pijxa vanishes. If pi is non- vanishing, then we cannot assign the 
same value of the Chern-Simons action to every three-cycle in the same homology class. 
(This is very similar to the Picard group: if Ci(L) does not vanish, then we do not 
get a canonical map from the line bundle L to the Jacobian. Instead we get a torsor 
structure, an the combined data defines a difl'crcntial character or Deligne cohomology 
class). However when tadpole cancellation is satisfied, eg. Pi(Vi) +Pi(V2) —pi{TX^) = 
in the heterotic string, then the sum of the Chern-Simons contributions is defined. If one 
needs 5-branes wrapped on curves to satisfy tadpole cancellation, then their contribution 
to the superpotential also has to be included. 

We now use the fact that the logarithmic cohomology H^^^{X^ for our pair (X4, X3) is 
isomorphic to H^{U), where U = Xi\X^. Further we have //^n-fc^js^^ jj^g) ^ H^^-''{U), 
where H* denotes compactly supported cohomology. It follows that we have a Poincare 
duality map H^^^{X4) — )■ H2n-k(yX4^, X3). From the short exact sequence — )■ fl^^ — >■ 
^^^(logXa) ^ we get the following long exact sequence for {X4): 



This is precisely the Poincare dual to the long exact sequence for relative homology 



. . . ^ H2n-k{X3) H2n-k{X4) ^ H2n-k{X4, X3) i72n-fe-l (-'^s) ^ ■ ■ ■ (3.8) 



Now let us take a class a = pi{A) — pi{Aq) in H'^i^X^) which restricts to a trivial class in 
H'^i^X^). From the long exact sequence 




(3.6) 



... ^ H'^-'iXs) ^ H'iX^) ^ HUX4) ^ H'-\Xs) ^ 



(3.7) 



... ^ H\X4,X^) ^ H\X4) ^ H\X^) ^ ... 



(3.9) 
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we see that a. lifts to if^(X4, X3) = H^{U). So now we compute 



/ p^{A)-p,{Ao) 
Jd 

JdD 

2m I res{n) A (ucsiA) - uJcs{Ao)) (3.10) 

where D e H4{X4, X^) is the Poincare dual of Q. This is what we wanted to show. 

Note that on a log Calabi-Yau, we can rewrite J-^^ ^2"^'° A a as an expression on X3 for 
any a e i?*(X4), whether or not the restriction to if^(X3) is trivial. To see this, we note 
that the (0, 4) part of a is Dolbeault exact, so with 0;°'^ = du we can write 

/ Q^'°A9a; = 2ni I Q^^^ Au\x^ (3.11) 

where we used the Stokes and Cauchy theorems. However to relate this to the Chern- 
Simons action, we need the assumption on the first Pontryagin class. 

In general it may not be possible to extend the gauge field A in this way, but we can 
still fall back to the definition of the Chern-Simons form in [23] , which we reviewed above. 
However we see that there's a further issue. The superpotential in 4d N = 1 supergravity 
is a section of a line bundle C over the moduli space, so there is no room for periodic 
identifications. Also, the ambiguities of the holomorphic Chern-Simons action correspond 
to the periods of which are usually dense in C (for example if the rank of Hs{Xs, Z) 
is at least three). This is not a problem if one is only interested in the derivatives, but it 
seems problematic whenever we are interested in the value of the action. 

This issue reappears in superpotentials for brane configurations more generally. For 
example the superpotential for a brane wrapped on a two-cycle C in a Calabi-Yau three- 
fold is given by [30] 

W ^ J 0^'° (3.12) 

where dV — C — Co and Cq is a holomorphic reference curve in the same homology class. 
This superpotential is actually closely related to the holomorphic Chern-Simons action 
[27, 29, 31, 32]. For holomorphic bundles, the Chern-Simons action is independent of 
the choice of hermitian metric and can be written as (3.12) where C — Co is the Chern 
character ch2, thought of as a Chow class [31]. As noted in [33], the description using 
ch2 is then naturally extended to coherent sheaves and even the derived category. By 
changing the choice of F, again we have an ambiguity by H^{X, Z), whose image under 
pairing with is generally dense. 



/ OA(pi(A)-pi(Ao)) = 
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Nevertheless in string compactification this problem of periodic identifications is never 
an issue, as there are additional terms in the superpotential.^ This is another instance of 
the principle that the individual terms may be problematic, and only the sum of the terms 
has to be well-defined. For example in the heterotic string we have W Q^A{H+u!cs) 
with dH + ducs — 0. Since dH is not identically zero, H does not live in H^{X, Z) but in 
a torsor, a principal fiber bundle with structure group H^{X, Z). However H + cues does 
define a class in H^{X,Z), and W is well-defined up to the usual ambiguity in picking 
n^'". A similar phenomenon occurs in type IIB. 

We believe that this perspective illuminates the role of Calabi-Yau fourfolds in the 
hierarchy of holomorphic field theories. The above expression (3.6) is of course very 
reminiscent of the flux superpotential that one encounters in F-theory. Indeed, it seems 
very natural to think about the flux superpotential in this way. Given an F-theory 
compactification with G-fiux in a degeneration limit, let us consider the part of the fiux 
which comes from Wi or W2 separately. We will briefiy mention the other possible fiuxes 
later. 

Up to a shift in the quantization law, we may always express the cohomology class 
of the G-flux as G/2n = pi{V) for some bundle V on Y. According to [34] the shift is 
given by —^pilTX^) on a compact real eight-dimensional manifold. In our context we 
have instead a log Calabi-Yau manifold {X4,X3). We propose that the tangent bundle 
TX4 should be replaced by the logarithmic tangent bundle = TX^^—logX-^), which 
is the subbundle of TX4 generated in coordinates by d/dzi, d/dz2, d/dz^, and z^d/dz^^ 
where 2:4 = is a local equation for X3 C X4. If X4 is a component of a normal crossings 
variety Yo = -^^4 U X'^ whose components intersect along Z = X3, then TXi{—\ogX^) is 
the restriction to of the logarithmic tangent bundle TYq{— log Z) introduced in section 
2.1. 

Thus we can write the superpotential as 



W ^ — [ Q^'°AG = / 
27r JXi 



p,{V)--p,{Q) 



(3.13) 



Here we are implicitly assuming that G|x3 vanishes in H*{X^), otherwise we should sub- 
tract the contribution of a reference connection as discussed above. Then as before we 
get: 



W 



D 



= 2m I O^'^A 



^3(^1X3) - 2^3(^X3) 



(3.14) 



with u}2, denoting the Chern-Simons form. Here we have used that pi(0)|x3 = PiiTX^). 



^We are grateful to E.Witten for illuminating comments in this regard. 
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This follows from the exact sequence 

^ TXs ^ TX^{-logXs)\xs ^ Oxs ^ (3.15) 

which is easily checked using local coordinates. 

For the local rfPg-fibration discussed in the previous section, this ought to reproduce 
the holomorphic Chern-Simons theory on the boundary Z with a single Eg gauge group, 
if we restrict to allowed F-theory fluxes.^ This has previously been noted in [35]. We will 
show in section 4.3 using the cylinder mapping for dPg-fibrations that at least we get the 
same critical set, corresponding to holomorphic Eg bundles. But the point is really that 
this is a rather general property of periods on a log Calabi-Yau, and so quite generally we 
get such a Chern-Simons theory living on the boundary for each local piece of our global 
model. 

Besides the fluxes above, there are additional G-fluxes on Wi Uz W2. They come 
either from H^{Z, Z) using the boundary map of the Mayer- Vietoris sequence, or from 
G-fluxes that have a pole along Z. This gives rise to extra terms in the superpotential on 
the boundary of the form J^^ fl^'^ A H. We can understand this intuitively by dualizing 
the G-fiuxes to homology classes, so that we can interpret the superpotential as a period 
integral. The G-fluxes considered above are cohomology classes on a local piece, so they 
duahze to a homology class on that local piece. The superpotential A H instead 

comes from periods of ft'^'^ over vanishing cycles, i.e. homology classes which disappear 
in the t — )■ limit. In addition, there are typically also four-cycles which are not closed 
on the local pieces individually, and have to 'pass through the neck.' This is easily seen 
using the Mayer- Vietoris sequence. Periods over such four-cycles diverge with log(t) and 
give perturbative corrections to the superpotential on the boundary. Finally, all these 
periods receive corrections which are analytic in t, which we should interpret as instanton 
corrections on the boundary. We will discuss this in a more precise language in section 4. 

From here it is a natural step to conjecture that in a degeneration limit, the full theory 
may be thought of as living on the boundary, not just the holomorphic sector for which 
we argued above. As evidence that this is indeed correct, we can again cite the heterotic 
and IIB limits of F-theory. 

Let us make some side remarks. One can try to generalize many other known argu- 
ments used for topological field theories. A particularly interesting one is the 'holographic' 
relation between Chern-Simons theory on M3 and WZW-models on M2 — dM^, which 
should have an analogue in a relation between holomorphic Chern-Simons theory on a log 
Calabi-Yau three-fold {X3, X2) and a Ad version of WZW models on X2 — dX^. Under a 

^It is natural to conjecture an analogous holographic relation for a G2-nianifold with superpotential 
W = J (1^3 (A) + i$) A d{u)s{A) + and holomorphic Chern-Simons theory on its Calabi-Yau threefold 
boundary. 
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gauge transformation, we have 



S{A) ^ S{A) + 



87r2 



1 




247r2 



1 




n^'° ATtig-^dgf (3.16) 



where we sec a holomorphic version of the WZW term emerging. Note that the last two 
terms only depend on the values of the fields at the boundary, and we have ambiguities 
corresponding to periods. This holomorphic WZW term was previously studied in [36]. 

It could also be interesting to consider Grassmann versions of these theories, which are 
used in the context of the twistor string approach to = 4 super Yang-Mills theory [37] . 
The analogy with F-theory suggests that instanton corrections in the twistor string can 
be computed with Hodge theoretic methods by lifting to a higher dimensional space. One 
can see hints of this by thinking of D3-branes as obtained from compactifying M5-branes 
on an elliptic curve. In the weak coupling limit, the elliptic curve becomes nodal and the 
L'3-brane theory should be thought of as living on the nodal divisor. One would like a 
twistor version of this relation. 

As a further side remark, another part of the analogy says that the analogue of corre- 
lators of Wilson loops in Chern-Simons theory are invariants associated to holomorphic 
curves in the holomorphic Chern-Simons theory [29, 28, 38]. In the abelian case, the 
holomorphic Wilson loop operator associated to a curve C is defined as 



where Q ' is an orientation on C. In the non-abelian case, one would presumably define it 
as DetdA\c- In the twistor context, it has been found that the amplitudes of = 4 Yang- 
Mills theory can be computed from such holomorphic Wilson loops [39]. This indicates 
an interesting kind of duality between instanton corrections in supertwistor space and 
holomorphic Wilson loops in a dual supertwistor space. It would be very interesting if 
some version of this duality exists more generally. 

At any rate, we see that from the above point of view it is very natural to imagine 
constructing a Calabi-Yau manifold by gluing together local pieces, independent of any 
phenomenological considerations. 

The Calabi-Yau obtained in this way will have normal crossing singularities. For many 
purposes, such a singular Calabi-Yau is practically as good as a smooth Calabi-Yau. The 
main difference is that instead of ordinary differential forms, we should consider logarith- 
mic differential forms n*(log D), which behave nicely under a smoothing. Nevertheless one 
would like to know if the normal crossing singularities can indeed be smoothed, for other- 
wise one might doubt that the theory exists for finite t. For applications to F-theory, one 
would also like to know if the Calabi-Yau obtained from smoothing the normal crossing 
singularities admits an elliptic fibration with a section. 




(3.17) 
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3.3. Smoothing criteria of Kawamata/Namikawa 

Thus we now consider a Calabi-Yau Yq obtained from gluing together a collection of 
local models into a normal crossing variety. Then we would like to know if we can deform 
it to a smooth global model. 

According to Kawamata and Namikawa [8] , the normal crossing variety can be smoothed 
if it admits a log structure, and some further mild conditions. See e.g. [40, 41, 42] for 
many results about log geometry. 

Kawamata and Namikawa consider the rather general set-up where the singular Calabi- 
Yau (i-fold is of the form UzjWi. Then they prove that a smoothing exists if Yq is Kahler, 
admits a log structure, and has H^(Yo) = H'^~^{Yo) = 0, where Yq denotes the normaliza- 
tion of Yq. Locally, Yq is isomorphic to a hypersurface zi ■■■ Zr = in a. neighbourhood of 
the origin in C^"*"^, and the deformation corresponds to Zi ■■■ Zr — t locally. 

For simplicity we will only consider the case Iq = W^2- Concretely, Kawamata 

and Namikawa prove that a smoothing of Wi \Jz W2 exists in this case under the following 
conditions: 

1. Z e I — Kwi\', in other words, each pair {Wi, Z) is a log Calabi-Yau. 

2. H^{OwJ = H'^-^{Owi) = 0- By a Mayer- Vietoris argument, this gives H^{Yo) = 0, 
and clearly H'^-^Yq) = since Yq ^ WiU W2. 

3. Yq should be Kahler. This is satisfied if there are ample divisors Hi on Wi such that 
Hi\z is linearly equivalent to H2\z', then we get an ample line bundle on Yq yielding 
a projective embedding, and thus it follows that Yq is Kahler. 

4. Nz/Wi ® Nz/W2 — ^z- This is called the d-semi-stability condition [43], where d is 
the dimension of Wi. By proposition 1.1 of [8], d-semi-stability is equivalent to the 
existence of a log structure. 

Examples of smooth Calabi-Yau three-folds constructed by this method can be found 
for example in [8] and [44]. 

The proof of the theorem proceeds as follows. For each logarithmic structure, one can 
show that the obstruction to a deformation can be lifted order by order in perturbation 
theory. Then, the deformation is 'representable' over the ring of formal power series on 
the disk. 

To show that one has an actual deformation, one proceeds as follows.^ In the analytic 
category, one knows that the Kuranishi space (i.e. the actual analytic deformation space) 
always exists, and then the formal power series result above shows that there is an analytic 
smoothing of the variety. 

^We are grateful to Y. Kawamata for correspondence on this issue. 
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In the algebraic category one can make a similar argument, with the additional as- 
sumption that H'^{Oyq) = 0. If one starts with an ample line bundle on Yq, then the 
assumption on above implies that the line bundle extends to the analytic smoothings. 
It follows that the family extends to a projective family by the existence of the Hilbert 
scheme. So again one can match the formal deformation with an actual deformation. 

In order to apply the smoothing theorem of Kawamata/Namikawa to our situation, 
there are two issues that we should confront. The first is that Kawamata/Namikawa by 
itself does not guarantee the existence of a Weierstrass fibration. This will be addressed 
in the next subsection. A second problem is that the Kawamata/Namikawa theorem 
assumes the local pieces to be smooth. On the other hand, we are typically interested 
in the case that Wi has interesting singularities, to get non-trivial non-abelian gauge 
groups. We may resolve the singularities and then apply Kawamata/Namikawa, but it is 
not completely clear that the exceptional cycles are preserved by the deformation, so that 
we can blow them back down. 

Let us think about this problem from a physical perspective. The discriminant locus 
A of the elliptic fibration of Wi decomposes into two pieces: a multiple of 5*0 denoted 
by Ao, and a remainder A' which intersects Sq in the matter curves. We want Aq to 
be preserved under the smoothing. In gauge theory language, this means that the gauge 
group should not get Higgsed under smoothing. When Sq is a del Pezzo, there are no fields 
in the adjoint representation of the gauge group, so Aq won't deform by itself. However 
Ao might recombine with A'. In gauge theory language, this corresponds to Higgsing the 
gauge group by the charged matter located at the intersection of A' with Sq. 

So can this happen? Since we are only considering holomorphic questions here, we 
should ignore the D-terms. Consider a general superpotential W in the charged fields 
0, on Ao n A', and consider t-dependent deformations. The problem comes from the 
t-derivative, if we have terms of the form 

W D P(i) + g(i)Tr(#) + . . . (3.18) 

which leads to 00 ~ P'{t)/Q'{t) for small t. However, substituting the VEVs in the 
derivatives of W with respect to 0, 0, we would get a non-trivial equation for t, whereas 
we know by Kawamata/Namikawa that there is a one-parameter family parametrized by 
t. So perhaps t-dependent terms for Tr(00) are not generated, and it is consistent to set 
the charged fields to zero. 

This argument is far from watertight. The question should be closely related to the 
choice of log structure. At any rate, we will see some examples later where we can do the 
deformation explicitly, and the gauge group along 5*0 is preserved. 

3.4- Criteria for the existence of an elliptic fibration 

Let us assume that the central fiber Yq carries an elliptic fibration. In the main case 
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studied in this paper the generic elhptic fibers are smooth, but this is not necessarily 
true for other interesting examples [7]. We really want the fibers F to be connected and 
satisfy x(F, Op) = 0. We would now like to see if the smoothing deformation provided by 
Kawamata and Namikawa preserves an elliptic fibration structure. This would be simplest 
if there were numerical criteria for the existence of an elliptic fibration on a variety. Such 
criteria are not known in complete generality. However there are criteria which cover most 
cases of interest, and which are valid in our situation, as was shown recently in [9]. 

Let us start with some general remarks. Suppose that a variety X of dimension d has 
an elliptic fibration it : X ^ B. Consider an ample line bundle Lb on B, and denote 
L = tt*Lb. Since is ample on B, for m large enough the space of sections H'^{X, L®"*) 
will give a map from X to projective space such that the image is isomorphic to B. This 
encapsulates an important idea in algebraic geometry, that rational maps often come from 
divisors in the manner above, and that we can try to characterize the morphism through 
the divisor L. In other words, instead of the data (X, vr) we will consider pairs {X,L), 
from which tt can be reconstructed. The projection constructed from H^[X,L®"^) with 
m large enough is sometimes called the litaka fibration associated to L. The fibers of 
this hmiting fibration are connected. Note that as necessary conditions for L to be of the 
form L = 7r*LB, have the following numerical criteria: L ■ C >0 for every curve C on 
X (i.e. L is nef), L'^ = and L"'"^ ^ 0. 

For the moment let's consider more general fibrations where the fibers F are still 
curves, but not necessarily of (arithmetic) genus 1. Let us consider the holomorphic 
Euler characteristic 

X(X,L-) = J2{-iyH\X,L"^) (3.19) 

i 

which is a deformation invariant. Using the Leray sequence for tt : X — > S one can show 
that 

X(X, L-) = x{F, OF)-^^Li-' + -(J^Li-' . R + 0{m'-% (3.20) 

where R will be written more explicitly below. Thus x typically grows as m^~^. However, 
since x(F, Op) = ^ — 9, X will actually grow to order at most m'^~^ precisely when the 
fibers are elhptic. ^ 

The divisor i? on 5 is given by 

R = ~x{F,Of) Kb + J2i-^y(^iiR'^*^x) (3.21) 

i 

^It is interesting to note that by Riemann-Roch, the coefficient of m"^"^ in xi^jl^''') is given by 
{—1/2)L'''~^ ■ Kx, so the coefficient of m'^~^ in (3.20) vanishes anyway on a Calabi-Yau. Indeed, by 
adjunction ci{Kp) = ci{Kx\f) + ci{Nx/f), but for any fibration we have Nx/f is trivial. It follows 
that {-l/2)Kx ■ Tr*L%-' = {-1/2) deg{iKx)\F)Li~' = x{F,Of)L%-\ since deg((i^x)|F) = degi^T^ = 
2g — 2 = —2x{F, Op)- So we conclude that the fibers must be elliptic when Kx ~ 0. 
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Using that xi^^ ^f) — 0, F^n^^Ox = Ob, and Ci{R^7r^Ox) — — A^/s is (minus) the class 
of the discriminant, we can simphfy x(X, L®"*) to 

xiX,L^n - ^^Li-'.Ax/B + Oim''-') (3.22) 

Therefore unless the discriminant locus is trivial, we see that the coefficient of m''"'^ 
must actually be non-zero. Using Riemann-Roch, one further shows that L"^"^ • Ax/b — 
L*^^^ ■ td2{X) as an expression on X, where td2{X) is defined in terms of a resolution 
h: X ^ X as 

td2{X) = Lh. (^ci{Xf + C2{X)) (3.23) 

So modulo some slight subtleties that we have glossed over, the idea is that we should 
have an elliptic fibration if we have a nef divisor L on X, with the following properties: 
H^{X,U^) should grow hke m'^~^, so that the litaka fibration of L gives a projection 
71 : X ^ B with connected fibers where B has dimension d — 1. And x{X,L"^) should 
grow like m'^~'^, so that the fibers arc elliptic. The latter is already a numerical criterion, 
and if L'^~'^ ■ td2{X) > it turns out the former can be reformulated as one. Namely it 
is shown in [9] that a pair (X, L) with L'^"^ • td2{X) > and Kx nef is an eUiptic fiber 
space if and only if 

1. L is nef, L*^ = and L*^"^ ^ (the latter modulo torsion); 

2. L'^-i • = and L - eKx is nef for < e « 1. 

Of course the second condition is automatic if we have Kx ~ 0. 

Now that we have a good characterization for the existence of an elliptic fibration, we 
can ask if it is preserved under a small deformation. It is worth keeping in mind that 
this fails in one of the simplest examples, namely the case of K3 surfaces. The generic 
deformation of an elliptically fibered K3 surface is certainly not elliptic. As another 
example, consider the product of two abelian varieties Ai x A2 and let tt be the projection 
on the second factor. The general deformation is a simple abelian variety which has no 
projection to a lower dimensional abelian variety. So there must be an extra condition if 
we arc to expect an elliptic fibration after a deformation. 

The main problems are as follows. First, it is not guaranteed that L deforms along 
with X. The obstruction lies in H^{X,Ox), so if we require that H^{X,Ox) vanishes 
then this problem is solved.^ This is the extra requirement that fails for ir3-surfaces and 
abelian varieties. Second, even when L deforms, the condition that L is nef is not an open 
condition in general. This problem is solved by an induction argument in [9], which can 
be made both in the algebraic and in the analytic category. 

^If furthermore H^{X, Ox) = then this deformation is unique. 
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Figure 2: (A): Global model with singular fibers along a divisor 5, corre- 
sponding to an SU{5)gut gauge theory. (B): Degenerate version of the global 
model, in which the singular elliptic fibers describing the SU{5)gut gauge 
theory have been pushed to a local ciPg-fibration. 



We conclude that if Fq admits an elliptic fibration with Ax/b 7^ and H'^(Yq, Oyq) = 0, 
then the deformation Yt provided by Kawamata and Namikawa is also elliptically fibered. 
As explained in the introduction, this gives a new and conceptually very interesting 
way to construct F-theory compactifications, by assembling the elliptic Calabi-Yau from 
more fundamental pieces. More generally, we see that F-theory is rather stable: when 
H'^{X, Ox) = 0, small complex structure deformations of X preserve the existence of an 
elliptic fibration. This is why the moduli space of an F-theory compactification usually 
contains an open subset of the full complex structure moduli space of X. 

3.5. Example: bubbling off an SU{5)gut model 

To keep things simple and illustrate the ideas, we consider the following example. We 
take Y to be an elliptic fibration with section over S3 = P^, with J5 singularities along a 
smooth irreducible divisor S G B3 given by 2; = 0. We explicitly degenerate this as 

Yt W^UzW2 (3.24) 

where Wi is a dPg fibration over S, and W2 is an elliptic fibration over with boundary 
Z, but different from Y. This is one of the simplest examples which does not have a 
iTS-fibration and therefore has no heterotic dual. See figure 2 for a schematic picture. 
It is clear that the same analysis may be applied to other examples, eg. the compact 
examples introduced in [2]. 

The elliptic fibration over P^ can be written in the Tate form 

y'^ + aixy + 03 = a;^ + 02^^ + a^x + a^, (3.25) 
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where each of the are homogeneous polynomials of degree 4i on P^. The /s condition 
along the hyperplanc z = says that aj = biz"^'^ for each i, where 6j is a homogeneous 
polynomial of degree 3i + 1 on P^. It will be convenient to write 

= biz'-^ + Ciz' (3.26) 

There is some ambiguity in such a parametrization, as was the case in [18] . In the present 
example, we can make it more canonical by requiring bi to be independent of z. 

Applying our results from Section 2.3, we can achieve the normal cone degeneration 
by simply inserting a factor of t in front of each bi (since i — n-i = 1 for all i in the case of 
Doing so and changing the signs of ai and as for convenience, we have the following 
elliptic fibration which extends to the normal cone degeneration: 

y2 ^ + ai(t)xy + a2(t)zx'^ + a3{t)z'^y + a4{t)z^x + ae{t) z^. (3.27) 

where 

ai{t) = tbiz'-'^ + Ciz' (3.28) 

For i 7^ 0, there is clearly an I5 along z — 0, and ai{t) vanishes to order i along z — t — 
as required. Applying our previous results, at i = we get Wi to be the local model with 
I5 singularities. 

Let's look at the limit in the neighborhood of the intersection of Wi and In the 
notation of Section 2 we have the total space B of the normal cone degeneration, and 
for t = we have two components. In the current situation, one component (the base 
of W2) is isomorphic to P^, and the other component (the base of Wi) is isomorphic to 
the projective bundle P(0 © C'(l)) over P^. Local coordinates near the intersection of 
these two components include z and (t/z), so that t = has two components because 
t = z{t/z). The component 2; = is part of the exceptional divisor E and t/ z = gives 
P3. 

To pass to the elliptic fibration over the normal cone degeneration, we replace the 
canonical bundle of P^ by the relative duahzing sheaf cu^. The effect of this is to require 
the removal of i copies of the exceptional divisor from each ai{t). In our local coordinates, 
this means that we must replace each ai{t) by di — ai{t)/z\ so that 

di = \ + Ci. (3.29) 

z 

Thus, (3.27) becomes after the normal cone degeneration 

= x^ + - (bixy + 622;^ + b^y + b^x + b^) 
z ^ ' 

+ {cxxy + C2X^ + Csy + C4X + Ce) (3.30) 



28 



We restrict to the component by putting t/z — 0. This gives us W2: 



= + cixy + C2X^ + c^y + c^x + cq. 



(3.31) 



The normal crossing divisor Z = Wi fl W2 is given by further setting 2; = in this 
equation. Note that the Cj are sections of {Kb^ ® 0{S))~^, so Cj|^=o are sections of Kg^ 
by adjunction. Thus Z is an eUiptic Calabi-Yau three-fold. Equation (3.31) is simply a 
generic eUiptic fibration W2 over with the property that {W2, Z) is a log Calabi-Yau 
fourfold. 

By setting z = in (3.30) and using t/z as a local coordinate, we are describing a 
patch of Wi near the infinity section, where it is glued onto W2- The J5 singularities are 
located at the zero section 5*0, which is disjoint from the infinity section ^oo- To see them 
explicitly, we rescale by z/t and use z — z/t as a local coordinate as we did in (2.21) 
where the more general s was used instead of z. We get 



Here, all the hi and Cj are evaluated at 2; = 0. We recognize the typical form of a dP%- 
fibration with singularities at 5 = 0. 

3.6. The general case 

We return to the general case. Suppose conversely we arc given two local models, i.e. 
two elliptically fibered log Calabi-Yau fourfolds {Wi,Z) for i = 1,2 which wc glue along 
their common elliptically fibered boundary Z to form Yq = Wi Uz W2- We want to know 
when this model corresponds to an F-theory limit, i.e. when Wi Uz W2 has a smoothing 
to an eUiptically fibered Calabi-Yau fourfold Yt. 

As discussed earlier, we can find a smoothing when the Kawamata-Namikawa condi- 
tions hold. Let Bi be the base of Wi and let S be the base of Z, so that Bq = BiVJ B2 
is the base of Yq. We must assume that H^iOy/^) = (for which it suffices to take B^ 
with H^iOBi) = by the Leray spectral sequence), and the assumption that Yq is Kahler 
is easy to achieve in practice. The only other obstruction to the smoothability of Y is 
the c?-semistability condition Nz,Wi ® ^z,W2 — ^z, which we now assume. With these 
assumptions, Yq smooths. If we further assume that the discriminant Ay,,/^,, is non-empty 
and H'^{Oyo) ~ 0; then the smoothing is elliptically fibered and we arc done. We will 
return to these general considerations later, but wc digress slightly to specialize a bit. 

As we have already discussed, the most interesting situation for F-theory occurs when 
one of the local models (say Wi) has a dPg fibration as well as a prescribed singularity 
along a divisor 5*0 C Bi disjoint from 5". We now claim that these assumptions imply that 
Bq coincides with the limit Bq of the degeneration to the normal cone of S (Z B2, and we 
are back in the situation illustrated by examples in Section 2.3 and Section 3.5. Even still. 



= x^ + bixy + b2zx'^ + h^z^y + h^z'^x + b^z^ 

+ {cizxy + C2Z^x^ -V C'iZ^y -|- C/J:!^x + c^z^) 



(3.32) 
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we have gained something, as the more abstract Kawamata-Namakawa method makes it 
clear that our earher assumptions of Tate form were not essential, so that the smoothing 
can be done if the prescribed singularities are given in a more general way. Furthermore, 
we can relax the hypotheses in the previous paragraph (for example by dropping the 
requirement of a heterotic dual) and achieve additional F-theory limits with more general 
bases Bq. 

We now prove our claim. The assumption is that Bi is fibered over S by P^s, with 
disjoint sections S and 5*0. This implies that Bi is the projectivization of a decomposable 
bundle Li © L2, hence is isomorphic to P{Os © L) for a line bundle L on S, with either 
L = L2 ® L^^ or L = Li ® L2 ^ Since Bi — Sq is the total space of Ns/Bi, we see 
that Bi must therefore be P{Os © Ns/Bi)- Next, since Nz/Yi is the puUback of Ns/Bi by 
the elliptic fibration, the d-semistabity condition is that the puUback of Ns/Bi ® Ns/Bq is 
trivial. However, since Pic(S') — Pic(Z) is injective, we conclude that Ns/Bi — {^3/32)^^- 
Then B2 = PiOs® Ns/bJ ^ P(05 © iVs/k) " ^(^s/b^ © Os). Note that Ns/b^ is now 
identified with a neighborhood of Sq and we have achieved the limit of the degeneration 
to the normal cone. 

We now return to the general case and be more explicit, using Weierstrass form. We 
start with projective bases Bi and B2 with H^{Bi,OBi) — H'^{Bi,OBi) — sharing 
a common divisor S with inverse normal bundles in the respective components. Let 

Ki = Kb^ + 5* be the restriction of the dualizing sheaf of Bq to -Bj, and assume that 
—-iKi and —QKi have enough sections fi G H^{Bi, —AKi) and Qi G H^{Bi, —6Ki) with 
{fi)\s = {f2)\s and {gi)\s = {92)\s so that we have a Weierstrass fibration 

^ x' + fx + g, (3.33) 

where / and g arc the sections on Bq obtained from the gluing. 

Let's see what else we need for all the necessary conditions. The first condition was 
that the pairs {Wi, Z) and {W2, Z) should be log Calabi-Yau spaces, but that is automatic 
since and gi were constructed from the log canonical bundles. 

The remaining conditions are also easy to check or achieve. We have already checked 
that the d-semistabihty condition holds since it pulls back from the base. In order for 
Bq to be projective, we need to find ample line bundles Li on Bi which agree on S. This 
is easy to achieve if the restrictions of Pic{Bi) to Pic{S) are big enough; or we can just 
assume it. And there is nothing to check in the case of the normal cone degeneration 
since the degeneration can be achieved within projective geometry by blowups as we have 
seen. Thus, with the above mild assumptions, Yq deforms. 

Finally, we want to what conditions are needed so that the deformation is elliptic. 
Since we are using Weierstrass form, we only need generic enough sections /, g for the 
discriminant A = 4/^ + 27g'^ to be a nontrivial divisor, so we assume that. Furthermore, 
H'^{Oyo) = by a Leray spectral sequence argument. 

Then we may apply the results of [9] discussed in Section 3.4, and Yq deforms to an 
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elliptically fibered Calabi-Yau fourfold, with a built-in degeneration limit. 
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4. The form of the Lagrangian in a degeneration Umit 

As we explained, we are not really interested in complex spaces themselves, but in 
holomorphic field theories on such spaces. Such holomorpic field theories lead to inter- 
esting moduli spaces, and differential equations on bundles over these moduli spaces. 
Degeneration limits give rise to boundaries on such moduli spaces, and we now want to 
study how correlators (solutions of differential equations) behave near a boundary. 

Let us think back for example about the case of conformal blocks of CFTs on a Rie- 
mann surface. The conformal blocks of a CFT are mathematically described by (twisted) 
D-modules, which are roughly speaking holomorphic vector bundles over the moduli space 
with a (projectively) flat connection. The connection usually develops a logarithmic singu- 
larity when the Riemann surface degenerates (V ~ d+Lodt/t), and the monodromies give 
an action of the mapping class group on the correlators. This action plays an important 
role in two-dimensional CFT. 

One expects similar phenomena for holomorphic field theories in higher dimensions, 
and F-theory provides another case study. In the large volume limit of F-theory the 
moduli space is a fibration, with base given by the complex structure moduli space of the 
Calabi-Yau and fiber given by the intermediate Jacobian J'^ — H^/{F'^Hq^ -\- if|). In 
what follows wc focus on the complex structure moduli and ignore the Jacobian. We get 
a D-module structure from the Gauss-Manin connection on the Hodge bundle over the 
complex structure moduli space of the Calabi-Yau. 

In this section we want to understand the behaviour in a semi-stable degeneration 
limit. Fortunately the general aspects of this problem are well-understood. In appropriate 
coordinates, near the degeneration limit the Gauss-Manin connection takes the form 

V = d + N- (4.1) 

t 

where iV is a nilpotent matrix. Once we know the matrix iV, we can use this to make 
qualitative statements about the behaviour of the effective lagrangian without having to 
calculate a single period integral. As we will see, the matrix N can be deduced from 
the geometry of the central fiber. Thus this fits very well with the cutting-and-gluing 
approach. 

4.1. Asymptotics from monodromy 

On a smooth fourfold, the superpotential for the supergravity fields is the fiux super- 
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potential, which appears to take the form of a period integral: 



W 



2tt 



1 



X 



A G. 



(4.2) 



with G/27r — l/2pi{TY) having integral periods. Thus we want to understand the be- 
haviour of periods in a semi-stable degeneration limit, which is a classical problem in 
Hodge theory. 

We have to make some caveats. For phcnomcnological applications we are not quite 
interested in smooth Calabi-Yau spaces, but in situations where certain exceptional cycles 
are contracted, in order to get non-abelian gauge symmetries. The above supcrpotential 
does not capture interactions of quantized M2 solitons wrapped on exceptional cycles, 
since such degrees of freedom are much heavier and are not obtained by KK reduction 
from supergravity. Such degrees of freedom however become important in the limit that 
the exceptional cycles shrink to zero, and there exist branches of non-abclian solutions 
which arc not captured by (4.2). Nevertheless we expect the t-dependent corrections to 
be qualitatively similar. 

Further, the supcrpotential is often thought of as being defined on the infinite dimen- 
sional space of field configurations, i.e. it also depends on all the massive KK modes. 
Here we are only evaluating it on harmonic forms. Still let us see what we can learn from 
only a few general considerations. 

The qualitative form of the periods in a degeneration limit is rather constrained, and 
can be understood using Hodge theory. We have given a brief review of the relevant 
material in appendix A. Here we will be interested in general properties of the case of a 
semi-stable degeneration ny : y A, where Yt is a smooth Calabi-Yau fourfold for t ^ 0, 
and lo = Wi Uz W2, with (Wi, Z) and (W^2, Z) log Calabi-Yau spaces and Z a Calabi-Yau 
threefold. 

The lattice H^iYf, Z) forms a local system over the plane away from t — Q. We can 
use parallel transport to get an isomorphism with H,i{Yti. Z) for t' ^ t. Now let us circle 
around the origin of the t-plane. Then the cycles in H^iYtjZ) get rearranged, and this 
is expressed as an automorphism M of H^^iYt) Z) called the monodromy transformation. 
It is known in general that up to a base change (i.e. reparametrizing t as t ^ t^), the 
monodromy transformation is unipotent. In our situation with a semistable degeneration, 
the monodromy was already unipotent and so a base change is not necessary. We also 
introduce the logarithm N — log(M), which is nilpotent when M is unipotent. 

Let us collect the periods of Q^'" with respect to some basis of H^iYt, Zi) in a vec- 
tor Il(t). Now the Schmid nilpotent orbit theorem says that as i — >■ the periods are 
approximated in the following way: 



U{t) 







(4.3) 
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where A'^ is the logarithm of the monodromy matrix, and Ho is independent of t. The 
expression on the right, i.e. the nilpotcnt orbit, may be thought of as a perturbative 
approximation to the periods. Thus we want to know the matrix N and we want to know 

— * 

Ho. In other words, we want to know the hmiting mixed Hodge structure associated to 
the degeneration i — > 0. In the following, we delve into a slightly lengthy analysis in order 
to derive this. Readers who might not want to follow this derivation may skip to equation 
(4.36), where we write the form of the superpotential that follows from our analysis. 

4.2. The limiting mixed Hodge structure 

As reviewed in appendix A, there are at least two ways for getting the limiting mixed 
Hodge structure. The approach we will use below is the Clcmcns-Schmid exact sequence, 
which allows us to compare the limiting mixed Hodge structure for t — )■ with the mixed 
Hodge structure of the central fiber Yq. An alternative approach, also briefiy mentioned in 
appendix A, is to study the mixed Hodge structure of the logarithmic cohomology groups 
iJiog(lo) of the central fiber. 

The part of the Clemens-Schmid sequence that we will use is 

■■■^H,{Yo) A H\Yo) 4 HUYt) 4 HLiYt) ^ H,{Y,) ^ ••• (4.4) 

Since Iq is a deformation retract of 3^, we see that the homologies and comologies of Yq 
are identified with those of y . Then i* is identified with the usual pullback i* : H^{y) — )■ 
H'^iYt). The maps a and [5 are induced by Poincare duality on y and Yt respectively. All 
of the terms in the Clemens-Schmid sequence carry natural mixed Hodge structures. The 
maps a, i* , N, and f3 are morphisms of mixed Hodge structures, shifting the degrees by 
(5,5), (0,0), (-1, -1), and (-4, -4) respectively. 

Now we need the weight filtration for H^{Yq). There is a general prescription which 
can be found in appendix A, but in the present case we can easily read it off from the 
Mayer- Vietoris sequence for Yq, which is given by 

. . . ^ H\Wi) © H%W2) ^ H\Z) ^ H\Y^) ^ H\Wi) © H\W2) ^ H\Z) ^ . . . 

(4.5) 

This gives a short exact sequence 

^ coker(d^) ^ H^{Yo) ^ ker(d^) ^ (4.6) 
and so the weight filtration on H'^{Yq) is simply given by 

C W3 C W4 = //^(yo) (4.7) 
with Gr^H\Yo) = ker(d^) and Gr^H^Y^) = coker(d=^). 
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The Clemens- Schmid sequence (4.4) induces exact sequences on the graded pieces. 
The Mayer- Vietoris sequence on homology is given by 

...^ Hk{Wi)®Hk{W2) ^ Hk{Yo) ^ Hk-i{Z) (4.8) 

This shows that the non-zero graded pieces of Hq{Yq) are of weights —6 and —5, while 
those of H^{Yq) are of weights —4 and —3. 

Since Gi:_-jHq{Yq) — and GriH'^{Yt) — 0, the relevant graded piece of (4.4) gives an 
isomorphism 

Gx^H\Y,) ^ Gr3//itm(>^t) (4-9) 

so that 

Gx^H^^{Yt) ~ coker(d3). (4.10) 

We also have the isomorphism 

GT.HUYt) ~ GT.HUYt) (4.11) 

by a general property of the monodromy weight filtration, or alternatively from another 
graded piece of (4.4). 

Let p be the smallest integer such that GxpH^^Yt) 7^ 0. We claim p — ?,. If p < 3, we 
have from (4.4) the short exact sequence 

GYpH\Yo) ^ GYpH\Yt) 4 GYp_2H\Yt) (4.12) 

Since the left and right terms vanish by our assumptions, it follows that GvpH^iYt) = 0, 
a contradiction. Because : Gr4_|_fc^Gr4_fc is an isomorphism, we see that the only 
non-zero graded pieces of H^(Yt) are Gr3, Gr4 and Grs, and the matrix N satisfies N"^ — 
0. Since the weight filtration is non-trivial, we also have N 0. More generally this 
argument shows that if the central fiber only has strata up to codimension k, so that if 
Wn-mH'^iYo) = ior m > k, then we will have iV''+^ = 0. 

To summarize, we found that A^^ = but N ^ 0. The monodromy weight filtration 
on i7^(y^) therefore has the form 

C W3 C W4 C Ws = H^iJYt) (4.13) 

where MV3H'^{Yt) — im{N) and W4H'^{Yt) — ker(A^). We also found the following isomor- 
phisms of Hodge structures: 

Gr^HLiYt) ~ GrsH^jY,) ~ GvsH^Yo) ~ coker(d^). (4.14) 
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One can say more than this. Prom (4.4) we also see that 

GuH^^{Yt) ~ Gr4i/^(Fo)/ker(i*) ~ ker(d^)/ker(i*) (4.15) 

as well as 

W.HtXYt) ^ W4H\Yo)/ker{t*) = H\Yo) /kei{i*) (4.16) 

Now the map a consists of Poincare duality Hq{Yq) = HQiy) —f H'^{y,dy), which is an 
isomorphism, followed by the natural map H^{y, dy) — )■ H'^{y) = H^{Yq). Purthermore, 
by the Thom isomorphism we have H'^iy ,dy) = H'^{Yq). Then the geometric picture 
for ker(i*) = im(Q;) is as follows. When we glue Wi and W2-, we have to make certain 
identifications on the cohomology, as we can see from (4.5). Similarly we have to make 
certain identifications in homology. Prom (4.8) we see that when a four-cycle in Z embeds 
non-trivially in W-i and W2, then it has to be identified in Yq. Now the Poincare duals of 
these classes in Wi and W2 are not identified when we glue; they descend to two distinct 
cohomology classes in Yq. But we expect that they should become equivalent when we 
deform to 1^, since Yt is smooth and therefore has Poincare duality. As a result a linear 
combination of these classes is in the kernel of i* . We can see this a bit more easily using 
the logarithmic approach, using equation (A. 24). 

As we will see in a bit more detail in the next section, the remaining information in 
the flag structure (4.13) can also be extracted. We can now use this knowledge of the 
monodromy, together with the nilpotent orbit theorem, to compute the asymptotics of 
periods in the degeneration limit. 

4..3. Asymptotic form of the superpotential 

The nilpotent orbit theorem says that the degeneration of Hodge structures behaves 
asymptotically like cxp(2^ \og(t) N) F*^^, where F'^ is the Hodge filtration of the limiting 
mixed Hodge structure on H'^{Yt). For the holomorphic four- form, we are interested in 
the F^ component. Let Qq G -F^ be a nonzero element of the one-dimensional vector space 
F^. Then Nflo e n W3 is nonzero. This gives, since A/"^ = 

n{t) ~ Qoit) = flo + ^log{t)NQo (4.17) 

ZTTZ 

In order to find the superpotential, we need to write the period map. Let us take a basis 
(e*, fii*^) for W5 = H^{Yt,Z) which is adapted to the monodromy weight filtration. 

That is, the e* projects to a basis of W5/W4, the f^ project to a basis W4/W3, and the 
(7^ span W3. The matrix A^ acts as A^e* = g^, Nf^ = Ng^ = 0. We also consider the dual 
basis {ei,fj,gk) for H4{Yt,Z). Then we can decompose flo as 

^0 = f ^o + r [ ^0 + /' / ^0 (4.18) 
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and we can decompose the part of the nilpotent orbit as 




(4.19) 



Using the basis (e*, f\ g^^ to fix an isomorphism 11 : H'^{Yt, Z) = Z'^^^^^ , we can think of 
this as the period map. As our decomposition suggests, we can understand the properties 
of Jlo in n W5 = F'^Hy^^{Yt) by successively building up W5 from the pure Hodge 
structures on Grs, Gr4 and Gr^ using the weight filtration. 

First wc consider the image of Qq in F^Gi^, by which we mean the projection (F^ + 
W4)/W4. Here we can use the fact that F'^Gi^ F^coker(d"^) is an isomorphism. Define 
(c?*) to be a basis for coker(d'^) which gets mapped to (e*) and {g"^) under the isomorphisms 
Grs = Gra = coker(d^), and let (di) be its dual. Under the isomorphism we have 

/" Oo = / (4.20) 

This is the expression we will use for the first term in (4.18). 

In the next step, we try to lift this to ^^(Ws/Ws) = (F^ + W3)/W3. Note that from 
the short exact sequence — )■ W4 — )■ W5 — > Grs — > 0, it follows that W5/W3 sits in the 
following short exact sequence of mixed Hodge structures: 

^ Gr4 ^ W5/W3 ^ Grs ^ (4.21) 

and we are interested in the F^ part. We have already discussed F^Grs, and in fact 
wc have F^Gr4 = (F^ fl W4 + W3)/W3 — 0. To sec this, Gr4 has a weight four Hodge 
structure so could a priori have subspace of Hodge type (4,0). However, Gi^^H'^iYt) is a 
quotient of ker(d*^) C H'^{Wi) © H'^{W2). Since Wi and W2 are merely log Calabi-Yau 
fourfolds, they have no holomorphic four-forms, so indeed F^Gr4 = 0. For future use, 
also note that F^ fl W3 = 0, as Grs has a Hodge structure of weight three which trivially 
has no F^ part. It then also follows that F^ n W4 = 0. 

Now even though F^Gr4 = 0, it is not true that vanishes. The reason is that 

W5 /W3 is not simply a sum of graded pieces, but rather a non-trivial extension of mixed 
Hodge structures. So to recover F^(W5/W3), we also need to study this extension class, 
denoted by ExtJ^^Hg(Gr5, Gr4). 

Let us see this more explicitly for one of the simplest possible extensions, namely the 
extension of the constant Hodge structure Z(0) by Z(l). Explicitly, we have i^z = (h^i h^)- 
The weight filtration is given by W_2i^ = (/i*^) <^ Wq = H , and the Hodge filtration is 
given by F^Hc = {h} -log{q)hP) C He for some q e Exti^Hs(Z(0), Z(l)) = C*. Note 
that F°nW_2 = 0, much hke F^Gr4 = above, since F° and W_2 are two distinct planes 
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in C^, which intersect only at the origin. Nevertheless, if in analogy with above we denote 
— log(g)/i° by fl, then we could write the period map as 

Q ^ I n + h^ f n (4.22) 

J hi J ho 

and we have Jj^^Q — — log{q) ^ 0. 

The problem of characterizing extensions of mixed Hodge structures has been studied 
by Carlson [45] . Let us consider a general extension 

O^A^C^S^O (4.23) 

If the mixed Hodge structure is separated, in the sense that the highest weight of A is 
less than the lowest weight of 5, then the generators of ExtJ^j£g(i?, A) are parametrized 
by the generalized complex torus 

J°Hom(5,>l) = Homc(5,>l)/(F°Hom(S,A) + Homz(S,>l)) (4.24) 

Here F°Hom(S,^) = {0 G Homc(-B, A)|0(F^-B) C F'^A}. Furthermore, in geometric 
situations we can usefully represent these maps as follows. Let ac : -B — > C be a section, 
i.e. a map such that a{F^B) C F'^C but which does not preserve the integral structure. 
Let : Cz ^ Az be an integral retraction, which is defined as follows: take an integral 
basis for A, consider the dual basis Cj for ^4^, and lift it to using the surjection 
— > A^. Then wc have rz(c) = (c, ej) e\ This preserves the integral structure but 
not the Hodge structure. Using these maps, the extension classes may be represented as 
ijj = rzo o"c- In the above example, this would give = j^^ Vt = — \og{q)hP. 

We want to apply this result to our short exact sequence: 

^ Gr4 ^ W5/W3 ^ Gr5 ^ (4.25) 

which is certainly separated. Let us first discuss an important special case, which arises in 
heterotic/F-theory duality (see [46] and appendix C of [4]) and in HB/F-theory duality 
[7]. In these cases we have certain special divisors ("cylinders") Ri^2 C VFi,2; intersecting 
the boundary in R12 ClZ = Ci 2, which can be used to construct an isomorphism of Hodge 
structures appearing on the two sides. In the Eg x Es case, we get an isomorphism 

H\C,)a ^ H\W,)a (4.26) 

and similarly for 1^2- Here H^{Wi)a C H^{Wi) is the sublattice corresponding to the 
allowed G-fiuxes in F-theory, and H'^{Ci)a is a sublattice which is defined as follows: we 
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have an action of the Eg, Weyl group on Ci, and the cohomology of Ci decomposes into 
isotypic pieces. The sublattice H^{Ci)a corresponds to the eight-dimensional representa- 
tion, obtained from the action of the Weyl group on the Eg root lattice. To descend to 
Gr4, we further have to restrict this to ker(d^). Such classes end up in i7^(Ci)van, which is 
defined to be the orthogonal complement (with respect to the intersection pairing) of the 
image of the restriction mapping H'^{Z) iJ^(Ci). In other words, it consists of those 
classes whose Poincarc dual in H2{Ci) becomes homologically trivial when embedded in 
Z. There is a very similar story for the 5*0(32) hctcrotic and IIB limits [7]. 

As before, we also have the isomorphism Grs = coker(d^). In heterotic/F-theory 
duality and Ilb/F-theory duality, this is actually simply H^{Z). So apparently, our short 
exact sequence (4.25) is describing an extension of H^{Z) by a subgroup of if4n(C'i,2)- 

Now there is indeed such an extension, and its F"* part (or part after the isomor- 
phisms, which shift the degree down) was described in some detail in section 9 of [32]. 
Namely if H^{C) = 0, which holds for example if C is very ample, we have the following 
exact sequence for the relative cohomology group H^{Z, C): 

^ i^va„(C) ^ H%Z,C) H\Z)^ (4.27) 

Further restricting to H'^{C)\, as we will implicitly assume in the following, the extension 
yields a subgroup of H^{Z, C). Then we can apply Carlson's prescription to get an explicit 
expression for the extension class. We take an integral basis c' for Hl^^{C) mapping to 
in Gr4, and denote the dual basis of i/2,van(C') by q. A lift to H3{Z,C) is given by 
choosing a set of three-chains Tj such that dTj = Cj. Note that such a lift is ambiguous up 
to classes in H^{Z, Z). We further take the holomorphic three-form in H^{Z) and lift 
it to H^{Z,C), which can be done since it vanishes in H'^{C). Then the homomorphism 
representing the F^ part of the extension class is given by 

We recognize this as one of the ways to write the superpotential for 7-branes wrapped on 
C C. Z, with worldvolume gauge flux given by . In general C is not smooth, but we 
will ignore the singularities here. It is shown in [32] that when C is smooth, ip (or more 
precisely, any integral linear combination of the individual terms) has all the expected 
properties: it varies holomorphically in the complex structure moduli, and its critical 
locus (with respect to the complex structure moduh that keep Z fixed) is the Noether- 
Lefschetz locus, where the worldvolume gauge flux is of Hodge type (1,1). Up to a shift 
by a class inherited from H'^{Z), which is always of type (1, 1) as h'^'^{Z) = 0, a point 
on the critical locus thus determines the spectral data of a holomorphic E^ bundle on 
Z. Also, by changing the bounding chains Tj, we see that ipj is defined only modulo the 
periods of over the lattice H^{Z, 7i), as expected for a Chern-Simons-like functional. 
In the present context, this is a refiection of the Hodge structure being of mixed type. 
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In general we should probably not expect such nice divisors as Ri and R2 above. We 
will use a different description. Recall that despite the suggestive notation, Qq is not quite 
the holomorphic four-form on Yt, rather it is the F'^ part with respect to the limiting mixed 
Hodge structure on H^iYt). However, there is a sense in which it corresponds to a (4, 0) 
form. For i 7^ the holomorphic (4, 0) form is a section of a line bundle over the disk 
At, which extends over the origin. Geometrically such a section determines a logarithmic 
(4, 0) form on the central fiber Yq, up to periodic identifications of the residues. 

Now we can try to relate this to the discussion of section 3 by using Steenbrink's 
description of the limiting mixed Hodge structure, which uses the logarithmic cohomology 
-^iog(^o)- The limiting mixed Hodge structure corresponds to the obvious Hodge filtration 
and a less obvious weight filtration on Hf^^iYo), as discussed in appendix A. The part 
is generated by the logarithmic (4, 0) form obtained above. 

Let us look at the representing homomorphism for the extension (4.25), using this 
description of the limiting mixed Hodge structure. We take an integral basis for Gr4, 
take its dual /j, and lift to fj in the dual of W5/W3. Geometrically, the fj correspond to 
cycles in H/^(Wi) or -^4(1^2), up to a linear combination of 'vanishing cycles.' Then the 
relevant part of the representing homomorphism is given by 

^ = Hf'J ^Yo (4-29) 

The ambiguities by the vanishing cycles correspond to ambiguities by the periods Qq 
discussed previously. 

Thus we have 

V',- = / Qo = / ^'y^ (4.30) 

But the expressions above are precisely the integrals we previously encountered in section 
3.2, up to the usual ambiguity by H^^Z, Z). As we saw, we can rewrite them on Z as 
Jz^^'^ A ucs: see eg. equation (3.14). An alternative strategy is to note that W5/W3 
is dual to W4 with respect to the polarization, so that we can equivalently study the 
extension class for Gr^ — > W4 — >■ Gr4 — >^ 0. 

In the final step, we want to hft F^(W5/W3) to F^'nWg. Equivalently since F^nW4 = 
and since we have the exact sequence 

^ W4 ^W5 ^Grs ^ (4.31) 

we can try to lift the extension class ExtJ^Hs(G'i'5, Gr4) to ExtJ^Hs(G'r5, M/4)- From the 
short exact sequence — > Gr^ — > W4 — > Gr4 — > 0, we get the long exact sequence 

. . . ^ Ext°(Gr5, Gr4) ^ Ext^(Gr5, Grg) ^ Ext^(Gr5, W4) ^ Ext^(Gr5, Gr4) ^ (4.32) 
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Here we use the fact ([47], proposition 3.35) that Ext^^jjg vanishes when p > 2. So we see 
that ExtJ^,jjjg(Gr5, Gr4) can always be hfted to ExtJ^j^_jg(Gr5, Wi), hut the choice of hft is 
parametrized by a class in ExtJ^HslG^rs, Gra). These extensions are indeed non-trivial. If 
Gr5 were one-dimensional, this is essentially our earlier example, the non-trivial extension 
of Z(0) by Z(l). 

Let us try to write the representing homomorphism using the logarithmic (4, 0) form. 
We take a three-cycle dk in a-^iZ^ Z) and hft it to the dual of W5. We can represent this 
by a pair of four-chains gife = {c\,ki c-i,k) in W^i and such that 9ci,fe = —dc2,k — dk- 
Then we have 

[ = [ nt^^ (4.33) 

J gk J Qk 

It is not completely clear how to write this as a simple expression, but at least we can 
argue that the expression can be localized on Z. To see this, suppose that we pick another 
lift Ci^fe with dci k = dk. Then Ci^k ~ Ci,a: is a closed fom^-cyclc on Wi. Therefore modulo 
certain discrete ambiguities given by the periods Qq (and actually also Qq), the 
expression is independent of the extension of the cycle away from Z. Furthermore we 
have already seen previously that these ambiguities can be rewritten as expressions on Z, 
so the result follows. We will write it informally as J^^ = Id^.^- 

To summarize, let us collect all the pieces. The period map for the nilpotent orbit is 
of the form 

Qo(t) = ^ n''' + P V',- + log(t) ^ + ^ (4-34) 

Geometrically, we think of Q.{t) as periods over the vanishing cycles, VL{t) as periods 

over cycles in HiiWi) © i?4(PV2), and J^^ VL{t) as periods over four-cycles which have to 
'cross the neck.' 

For comparison with expressions predicted by dualities, we define the variable 

r=^logW (4.35) 

Then we have found that for any semi-stable degeneration Yt ^Yq — WiUz W2 with Wi^2 
log Calabi-Yau fourfolds, the flux superpotential ^ = Jy^ A G is of the asymptotic 
form 
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= f n^^^AH+ j n^'^Acocs + T I n^'°AH+ I $ A // + 0(6^'^^^) (4.36) 

«/ Z *) Z o Z o z 



Here the first term comes from F^Grs; the second part comes from the part of the 
extension of Grs by Gr4, and the last part comes from \og{t)N acting on F^nW^ and from 
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the F'^ part of the extension of W5/W3 by W3. The exponential terms are corrections to 
the nilpotent orbit, which should be interpreted as instanton corrections. Note that the 
fluxes (or rather the combination H + ujcs as discussed in section 3.2) in general do not 
take values in the full Z) lattice, but only in coker((i'^)-'-, the sublattice which is 

orthogonal to the cokernel of H^(Wi)®H^(W2) — > H^{Z) with respect to the intersection 
pairing. 

Up to one issue which we discuss below, we see that this reproduces known examples. 
In the heterotic x or 5*0(32) limits of K?) fibrations, the parameter T is identified 
as a Kahler modulus associated to the elliptic fiber of the heterotic compactification, and 
the corrections are interpreted as coming from worldsheet instantons whose contribution 
is proportional to exp(27riT'). Similarly in the Sen limit, T is identified with axio-dilaton 
r of type IIB (r = i/gs + a), and the corrections are interpreted as £)(— l)-instantons, 
which do indeed give a contribution of the form exp(27riT). For previous work on periods 
in heterotic/F-theory duality, see eg. [10, 48, 35, 49]. 

Our analysis also gives further support for holography, i.e. the claim that the theory 
can be thought of as supported on the boundary Z. Moreover we see that the form of 
the Lagrangian is almost completely fixed from very little input. The only thing we don't 
know is exactly what CS theory we are dealing with. This clearly depends on the concrete 
model under consideration. From the example given earlier in the paper, it is clear that 
5*0(32) and Eg, x Eg are not the only possible answers. 

We have to make some remarks on the terms involving H. The £"8 x £"8 heterotic string 
has only a single two-from field Bfj_,y, so if we take the Eg x Eg limit then the superpotential 
is not expected to depend on a second tensor field. This is not a contradiction. The 
expression (4.36) really corresponds to all possible linear combinations of the periods. 
F-theory places restrictions on the allowed fluxes, namely they should be orthogonal to 
four-cycles contained in in the base or of the form 7r~^(0), where O is a two-cycle in 
the base. This tends to place restrictions on G-fiuxes coming from H^(Wi) and H'^(W2). 
If we had allowed such fiuxes, then for example the Chern-Simons theory coming from 
the local dPg-model would have a gauge group larger than ^8; as was checked carefully 
in [4]. However the G- fluxes which descend to H are of a slightly different form. They 
are Poincare dual to four-cycles on Yt which asymptote to four-cycles on Yq of the form 
Ci + C2, where Ci^2 are four-chains in Wi^2 such that dci = —dc2 = b E H-i,{Z^ Z). It is not 
clear to us why such fluxes would be disallowed, but we have not checked it precisely. 

4.4- The Kdhler potential 

One may similarly compute the Kahler potential on the nilpotent orbit. In the follow- 
ing, we will compare this with the Eg x Eg limit. The Kahler potential is not protected, 
so it would be remarkable if we would get an exact match. This is not the case, but 
nevertheless we can match the main terms. 
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The Kahler potential in F-theory is of the following form: 



]Cf = -log 



X 



21ogVB3 + /Cc3 



(4.37) 



Wc set the four-dimensional Planck scale Mpi equal to one. Note that up to a constant, 
jy^^it) A is simply where Q is the polarization on H'^iYt). By general 

properties of the monodromy, we have Q{Na, Nb) = —Q{a, N'^b) = for any forms a,b. 
For simplicity, we will assume that the polarization is simply the sum of the polarizations 
on the graded pieces. In particular, Q{-,N ■) corresponds to the polarization of the weight 
three Hodge structure on Grs ~ H^{Z, Z). Then we have 



- Tg3 + Q4 (4.38) 

where T = 1^1(2^ log(^))) Qs = ^ Iz ^^'°AQ^'° and Q4 is the polarization on Gr4, evaluated 
on the image of under the projection i?^(yt) — > Gr4. The Kahler potential for the 
nilpotent orbit is then given by 

JCnit) ~ - log [T Qs + Q4] ^ - log(T) - logfQa] + ^ + ^(T-^) (4.39) 

Furthermore using the isomorphism Gr4 H'^(Ci)\ © H^{C2)a, we see that up to a 
constant, Q4 is mapped to the natural polarization on the second cohomology of the 
spectral covers Ci and C2. 

Now let us take a closer look at the Kahler moduli. In heterotic/F-theory duality, the 
F-theory base is a P^-fibration over a surface B2. The volume is then given by 

Vbs = ^FB'B^dij + ^F^B'd,,n^ + ^F%,n'n^ (4.40) 

where F is the volume of the P^-fiber, B^dij are volumes of two-cycles in B2, rf is the 
class of the normal bundle of B2 in ^3, and dij is the intersection form on B2. We first 

need to rewrite this in terms of the Kahler moduli, which are given by S = dVB:i/df and 
T* = d^^OVsi/dBK If we further assume that i?3 = i?2 x P^ is a direct product, then 
the terms involving n* in (4.40) are absent and we can easily rewrite this in terms of the 
Kahler moduh as Vs^ = S'^''^{W dijf/^ . Then we have 

Kf ^- log(S) - log(T) - \og{VVd,i) - \ogm + + /Cc3 + 0(T-2) (4.41) 

where we omitted the additional terms in (4.39) and (4.40). We also have ddJCc^ ~ 
Jy SC3 A *SCs, but for Calabi-Yau four-folds there are usually no moduli of the form 5C3 
as generically H^{Y) — 0. 
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On the Eg x Eg heterotic side, the Kahler potential is of the form 



/Chet ~ - log(S) - log(Vz) - log 



+ ]Ca (4.42) 



where Ka denote the Kahler potential for the bundle moduli. The volume Vz can be 
written as 

Vz = ^TVVd,, + ^T^Vd,,y + ^T^dijk'k^ (4.43) 

The potential for bundle moduli is harder to write, but we can easily write the Kahler 
metric: 

OBKIa ^ ^ [ Tt{5A aM) A J A J ~ ^ /" TiEiSA^ aM^) + 0{J-^) (4.44) 
Vz Jz T 

Here SA^, denotes the component of SA along the eUiptic curve E, which correspond to 
normal bundle valued moduli of the spectral cover. We can map them to (2, 0) forms on 
the spectral cover by contracting with O^^- Thus we can write 

^ . 1 



TiEiSA^ASA^) ~ I Tr(5$2'° A 5$2,o) (4.45) 

Abelianizing 5$^'° wc get (2, 0) forms on the spectral cover, which get mapped to variations 
6Q0 sitting in Gr4 under the cylinder map. So we see that this describes the metric for 
complex structure moduli of the spectral cover, and should be compared with ddQ^/TQs 
on the F-theory side. 

Comparing )Cp with /Chet, we see that the main terms match qualitatively, without 
doing any Kahler transformations. It might be interesting to do the comparison more 
carefully, as this gives some insight into the subleading terms which might be useful for 
the purpose of moduli stabilization. 

In the lib limit one can do a similar comparison. It is in fact more straightforward as 
the potentials for the Kahler moduli can be compared more easily. 



4-5. Euler character 



A number of additional properties of Yt can be deduced from the degeneration limit. 
For example, the Euler character or more generally Chern classes of Yf can be computed 
using Chern-Schwartz-Macpherson classes in the degeneration limit. Here we briefly con- 
sider the Euler character, which plays a role in tadpole cancellation. Recall that the 
cohomology groups of the smooth fibers agree with the logarithmic de Rham cohomology 
groups of the central fiber. Therefore if Yf ^ Yq — Wi Uz W2, we have 

x{Yt) = Y.^-lf Hi^{Yo) = x{W,)+x{W2)-2x{Z) (4.46) 

k 



44 



Note that this differs from the topological Euler character of Yq. The extra factor of 
— x(Z) comes from the logarithmic forms that have a pole along Z, see equation (A. 24). 

We consider the following application. Suppose that we use the Tate form of the 
Weierstrass fibration to engineer an elliptic fibration with interesting singularities along 
a divisor S <^ B^. The Euler character of the resolved Y will depend on the singularities, 
and one may ask how it changes when we put different singularities along S. When Y 
has a heterotic dual, we can deduce the answer from heterotic/F-theory duality. It was 
observed in section 2.3 of [50] that the same formula appears to hold more generally, when 
there is no heterotic dual (i.e. Y does not admit a K3 fibration). 

From the perspective of the present paper, this observation is a corollary of the result 
(4.46) together with the degeneration limit of section 2. When the singularities along 
S fit in Eg, we can use our degeneration limit to move the singularities to Wi. But we 
already know x(VFi) — x(^) from heterotic/F-theory duahty. Namely, it should agree 
with J^ch2(^) — |ch2(TZ), which was computed in [51], upon setting 7 = in their 
formulae (as this part gets mapped to the G-flux). 

4.6. Bulk versus boundary 

We would like to end with a few more comments. 

Perhaps one of the most intriguing aspects of this paper is the interplay between 
the theory in the bulk and the theory on the boundary. For the Fg x Fg and SO{32) 
degeneration limits of the 7i'3-surface, it has long been known that the heterotic theory 
may be thought of as living on the boundary (the normal crossing divisor), but given 
the lack of examples it was less than clear how general this is. In sections 3 and 4 we 
have given arguments that this should be true in more general degeneration limits, and 
in [7] we give another concrete example of this phenomenon. It would be interesting to 
understand the general boundary theories in more detail. 

Kawamata/Namikawa also allow the normal crossing divisor to have multiple compo- 
nents Zi which intersect. This leads us to consider defects in the boundary theory. The 
defect theories should be very interesting. As indicated in section 3, we expect to find a 
kind of holomorphic generalization of WZW models on such defects. One should be able 
to deduce some of its properties from an analysis of the limiting mixed Hodge structure, 
similar to sections 4.2 and 4.3. 

Log geometry plays a central role in the mirror symmetry program of Gross and 
Siebert [52], and their philosophy of gluing Calabi-Yau manifolds from more elementary 
pieces is similar to the one in this paper, although their singular Calabi-Yau spaces are 
not necessarily of normal crossing type. It would be very interesting to understand the 
holographic aspects of their work. 

Finally, the superpotential still receives corrections that are non-perturbative in the 
Kahler moduli, due to Euclidean brane configurations. In type II these come from D- 
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instantons, in F-theory they come from M5-instantons and in the heterotic string they 
come from worldsheet instantons and A^S'5-instantons. They are all related through 
heterotic/F-theory/type II duality. It is hard to escape the impression that there must be 
some underlying variation of Hodge structure problem that encodes all instanton correc- 
tions to the superpotential in Ad compactifications with N — 1 supersymmetry. It would 
be extremely interesting to elucidate this. 
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Appendix A: Mixed Hodge structures and monodromy 

In this appendix we briefly review some aspects of Hodge tlieory tliat will help us 
understand a semi-stable degeneration limit. There are many books and reviews available 
on this material, see for example [53, 54] and [47] . 

Recall that on a compact Kahler manifold X of complex dimension n, the cohomology 
groups admit a Hodge decomposition 

H^{X,C) = ^ HP^\X). (A.l) 

p+q=k 

Let us denote the Kahler form of X by J, which we may take to be a class in H'^{X, Z). 
The primitive part of the cohomology, denoted by PH'^{X, Z), is defined to be the kernel 
of AJ"-'=+^ : H''{X, Z) //2n-fe+2(j^^ 2). Then we have a further decomposition of the 
cohomology, the Lefschetz decomposition: 

H\X,q) = J"* • Pii'^-2"^(X, Q) (A.2) 

m 

Since J is of type (1,1), the interesting part of the information is contained in the primitive 
part of the cohomology, and we will often implicitly assume that we are restricting to the 
primitive part. 

We further have a polarization, i.e. a non-degenerate bilinear form 

Q{a,h) = (_i)Mfc-i)/2 j aAbA^-'' (A.3) 

Jx 

which is symmetric for k even and anti-symmetric for k odd. It satisfies the following two 
relations, which are called the Hodge-Riemann bilinear relations: we have Q{HP''^, if^''*') = 
unless p + p' ^ q + q' ^ k, and i^-'^Qia, a) > if a e PHP'I. 

We will be interested in period integrals on X. The periods themselves depend on 
some redundant information, as we have to make a non-canonical choice of basis. A 
more invariant way to state it is that wc arc interested in how the Hodge decomposition 
^ ffp,q(^X) of H^{X, C) varies in families. However the H^^'^^X) individually do not vary 
holomorphically even if X lives in a holomorphic family. 

Let tta- : A" — > S denote a smooth holomorphic family, with fibers Xt ioi t e B. 
On each fiber Xt we have the cohomology lattice H^{Xi, Z). As we vary t e B, these 
lattices fit together in a local system C'^ over B. Mathematically, we have C'^ — R^t^x*'^- 
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Similarly, for each fiber Xf we have a vector space H^{Xt, C). As we vary t E B, these 
vector spaces fit together in a vector bundle "H*^ — )> B, which is just the complexification 
= £^ (g) The vector bundle — > i? is fiat and holomorphic. It has a natural flat 
Gauss-Manin connection V, obtained by requiring that the local sections induced from 
local sections of JC'' are flat. 

Now we may put a decreasing filtration T* on the bundle 'H'', by putting the following 
decreasing filtration on each of the fibers: 

C F'^ C F'^-^ C . . . C F° = H''{Xt, C), = (A.4) 

g>p 

Note that we may recover H^''^ as H^''^{Xi) = F^HF'' , so we did not lose any information 
by focusing on the filtration. Although the if^'^ generally do not vary holomorphically, 
the subbundles — > S with fibers F^ C H^{Xt, C) do vary holomorphically. 

The filtration satisfies the following properties. Let us denote Hj, — H''{Xt, Z). Then 

F* is a k-step decreasing filtration of He — Hz<^C, such that He = Fp©F for aU p. 
We also have a bilinear form Q{-, ■) with the properies listed previously. As we vary t E B, 
this yields a local system C'' over B and a decreasing filtration of 'H'' = ®Obi such 
that each J-"^ is a holomorphic vector bundle. Furthermore, the J^^ behave nicely with 
respect to the Gauss-Manin connection, namely they satisfy Griffiths transversality 

V : ^ jFf+i (A.5) 

The data {B, C^, J^*, Q{-, •), V) satisfying the properties discussed above defines a polar- 
ized variation of Hodge structure of weight k. 

A filtration in a fixed vector space is classified by a point in the flag manifold F(nfc, .., no), 
where = dimF^. After pullback to the universal cover p : B ^ B, the bundle p*'H^ 
becomes trivial. Fixing a reference point in B over a point t E B, the Gauss-Manin con- 
nection gives an explicit isomorphism a : p*H'' ~ H^{Xt, Z)(8)C^. Using this isomorphism 
we get a holomorphic period mapping 

n-. B ^ F(nfc,...,no), (A.6) 

by associating to each s E B the flag J^p(s)j identifled with a flag in H^{Xt, Z) via a. If the 
Hodge structure is polarized, its image is contained in the period domain, which consists 
of the flags which satisfy the Hodge-Riemann bilinear relations, i.e. (^(F^, F^~^+^) = 0, 
and iP-'^Q{a, a) > if a e PH^''^. 

By introducing a basis of integral cycles oi X, we can write the mapping H in co- 
ordinate form in terms of period integrals, but this explicit form obviously depends on 
a non-canonical choices. Continuing to fix our reference point t E B, we pick a basis 
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Ci G Hk{Xt, Z) and its dual basis e* e H^{Xt, Z). We use the Gauss-Manin connection to 
extend this basis away from t by parallel transport. Globally, these bases becomes multi- 
valued over B but single-valued over B. We also need to introduce a basis for the J^^. 
Since the are holomorphic vector bundles, locally on an open subset U C B we can 
trivialize these bundles by choosing a holomorphic frame. It is convenient to adapt this 
basis to the filtration, i.e. we require {cui, --jOOnk} to project to a holomorphic frame for 
J^'', {ojn^^i- ..jiJn^_^} to project to a frame for jj^^ ^ etc. Then the period mapping 
associates to each t & U the explicit flag 

C {x,,^e\...,x,,r^,e') C (a;,,ie\ . . . , x,,„,_,e*> C ... C H\X^,C) (A.7) 

Here 




and (. . .) denotes the hnear subspace of H^{Xt, C) generated by the vectors between the 
brackets. 

We are interested in degenerating a Hodge structure with some weight k. It turns out 
that in the limit the Hodge structure is not necessarily of pure type, but may contain 
pieces with higher or lower weight than k. This leads to some extra structure in the form 
of an increasing weight filtration of H^{X, Q): 

^ Q Wo Q ... Q Wi Q ... Q W2k^H^{X,Ql) (A.9) 

The filtrations and F* define a mixed Hodge structure when the weight filtration is 
compatible with the Hodge filtration JF', in the sense that the induced filtrations JF* on 
the graded pieces 

Grf = W,/W,^i (A.IO) 

satisfy the axioms of a Hodge structure of weight i. By duality between homology and co- 
homology, we get an induced filtration on the homology, whose weights are the negatives of 
the weights on cohomology. Here we must use the conventional duality = Hom(i7*, Z), 
not Poincare duality, which tends to fail on singular spaces. 

It has been shown by Deligne that the cohomology of any variety X canonically carries 
such a mixed Hodge structure. There are two basic cases: if X is complete but possibly 
singular, then Wi = H''{X, Q) for i > k. If on the other hand X is smooth but not 
necessarily complete, then Wi = for i < k. 

Let us now suppose that we have a one-parameter semi-stable degeneration, i.e. we 
have a one-parameter family tix '■ X A with fibers Xt, such that the total space is 
smooth and the central fiber is reduced and has at most normal crossing singularities. 
There are two mixed Hodge structures that we can associate to this set-up. The first 
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is the mixed Hodge structure of the central fiber Xq, and the second comes from the 
monodromy weight filtration. Let us discuss each of these in turn. 

First wc consider the mixed Hodge structure of the central fiber. Recall that Xq 
is a complete and reduced variety with only normal crossing singularities. The weight 
filtration in this case can be read of from the Mayer- Vietoris spectral sequence. Let us 
suppose that Xq decomposes into irreducible pieces as Xq — Di U . . . U D^. We set 
Dii...iq — n . . . n and define the codimension q stratum as 

^0^^ = II ^n...v (A-11) 

l<n<...<ip<W 

where H denotes disjoint union. Now let us define 

E^''' = ^^(Xi^+'l) (A. 12) 

where A* denotes De Rham cohomology. As usual, we have the exterior derivative d : 
EP'"^ EP'''+\ In addition, we have a second differential 5 : E^'" E^^^''^, which is the 
restriction map given by 

a 

Then we have d'^ — S"^ — dS + 6d — 0, so the data {E*'*, d, 5) yields a double complex. It 
can be shown that this spectral sequence converges to H^{Xq, R). 

Now we can use this to define a filtration: 

W, = (A.14) 

This descends to a weight filtration on H'^{Xq, R). Similarly we define a Hodge filtration 

as FP = 0^^^ FPE'^'', which descends to H''{Xo, C). 

Let us discuss this in more detail for the main case of interest in this paper, where we 
have Xq = Wi Uz W2. Then we have 

E^/ = H\Wi) © H\W2), El''' = H\Z), (A.15) 

with all other terms vanishing. The non-zero differentials are the restriction maps 

^o,fe . ^fc(iy^) ^ H''{W2) H''{Z) (A.16) 
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and the spectral sequence degenerates at E2. This gives a short exact sequence 

^ coker((i;''=-^) ^ H''{Xo) ker(ci?''=) ^ (A.17) 

which corresponds to the weight filtration 

C W,_, C W, = H''{Xo,R) (A.18) 

with GrkH'^iXo) ^ ker((Z?''') and Gik-iH''{Xo) ^ coker(d°''=~^). In fact, in this example 
it is simpler to read off the weight filtration directly from the long exact sequence version 
of Mayer- Vietoris: 

... ^ H^-\Z) H\WiUzW2) H''{Wi)®H''{W2) H\Z) ^ ... (A.19) 

We see that the graded pieces Gr^-i and Grjt should be thought of as a quotient or a 
subspace of the cohomology groups of Z and Wi 11 W2 respectively. These are smooth 
and complete spaces, which is why they each carry a pure Hodge stiTicturc. This is 
in some sense the general picture: we find a suitable stratification to construct a weight 
filtration, so that the graded pieces can be though of as the Hodge structure of a complete 
non-singular variety, and hence carry a pure Hodge structure. 

The second mixed Hodge structure associated to our semi-stable degeneration comes 
from the monodromy. As we circle around the origin t — 0, the cycles in Hk{Xt, Z) get 
rearranged. This is expressed as an automorphism M of H^{Xt, Z) called the monodromy 
transformation. It is known for our semi-stable degeneration that the monodromy is 
unipotent. We also introduce the logarithm = log(M), which is nilpotent since M is 
unipotent. 

The operator N should be thought of as an analogue of the Lcfschctz operator (cup 
product with the Kahler class). As such it gives rise to a kind of Lefschetz decomposition 
on H^{Xt, Q), which in turn gives the weight filtration. The monodromy weight filtration 
is completely determined by the following two properties. The log of the monodromy 
matrix has degree —2 (i.e. N - Wi C. Wi-2), and A^-' gives an isomorphism A^-' : Gvk+j — )■ 
Grk-j- For example, if A^^ = but N ^ 0, then the monodromy weight filtration simply 
takes the form 

C im(A^) C ker(A^) C H''{Xt,Q) (A.20) 

i.e. we have 

W,.i = im{N), Wk=keT{N), Wk+i = H\Xt,Q) (A.21) 

In the polarized case, we further have Q{Na, h) -\- Q{a, Nh) — 0. The polarization Q 
of H^{Xt, Z) yields a natural polarization on the graded pieces, i.e. Q{-, ■) on Gik+j- 
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For example in the case iV^ = 0, 7^ above, we have {x,y) Q{x,Ny) for x,y & 
H''{Xt, Q)/ker(iV), and we have {x,y) Q{x,y) for x,y & im{N), where x is a hft from 
im(A^) to H''{Xt, Q) with Nx = x. 

So wc have now used the monodromy to put a weight filtration on H'^{Xt, Q). But this 
weight filtration is not compatible with the Hodge filtration on Xt, because Xt is smooth 
and so the Hodge structure is of pure type. However it has been shown by Schmid that 
the limiting Hodge filtration 

= lim e-^^'^^sW^J-* 

exists, and together with the monodromy weight filtration it does define a mixed Hodge 
structure. It is called the limiting mixed Hodge structure. 

There is an alternative description of the limiting mixed Hodge structure due to Steen- 
brink [12], which uses the logarithmic cohomology groups of Xq. We discuss this a bit 
more explicitly for Xq = Wi Uz W2. As in section 2.1 we use the short-hand notation 
ifiQg(Xo) = tf'(Xo, Q*x^^{log Z)) . The spectral sequence for M.'^ degenerates at the Ei term, 
so the Hodge decomposition is the obvious one, H^^^{Xq) = ^^^^^^ _f/'*'(Xo, (^"^(log Z)). 
The weight filtration can be obtained as follows. We have the short exact sequence 

^ ^ Q^^(logZ) ^ ^ (A.23) 

where 'res' denotes the Poincare residue map. This gives the long exact sequence 

... ^ H''-\Z) H^{Xq) H^ozi^o) H^~^{Z) ^ ... (A.24) 

where all the maps are compatible with the Hodge structure, and the coboundary map 
^ H\X(,) is a Gysin map. We find that Wfc+i = Hl^{Xo) and W^ = 
H^[Xq) /\m[H^^'^[Z)). From the Mayer- Vietoris sequence for Xq (A. 19) we further get 
Wjfc_i = coker(d'^~"^) as before. 

Given a limiting mixed Hodge structure, we can define the nilpotent orbit as 

O = {eiiii^sW^jT^li e A} (A.25) 

The nilpotent orbit may be thought of as a kind of perturbative approximation to the 
periods in the hmit i — )■ 0. The precise statement is the content of the nilpotent orbit 
theorem of Schmid [14]. As before let H denote the period mapping from the upper 

half plane (the universal cover of the punctured disc) to the period domain of the Hodge 
structure. Define T = 2^1og(t), the usual coordinate on the upper half plane. Then for 
any reasonable metric d on the period domain, there are constants A, B such that for 
Im(T) > A > we have 

d(H(C»),H(J^)) < Im(r)^e-2'^^'"(^). (A.26) 
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(A.22) 



In other words, the corrections die out exponentially fast as Im(T') — > oo. 

So in order to understand the behaviour of the periods as t — )■ 0, it is of interest to know 
the nilpotent orbit, or cquivalently the underlying limiting mixed Hodge structure. Note 
that the limiting mixed Hodge structure does not sit on the usual cohomology groups of Xq 
(although we saw that it does sit on the logarithmic version of the cohomology groups of 
Xq). The usual cohomology groups of the central fiber do carry a canonical mixed Hodge 
structure, but this differs from the hmiting mixed Hodge structure. Nevertheless there 
exists a close relation between them. The precise relation is described by the Clemens- 
Schmid long exact sequence, which we discuss next. 

Let us denote by H^^^{Xt) the cohomology group of Xf equipped with the limiting 
weight and Hodge filtrations. The Clemens-Schmid sequence is the following long exact 
sequence: 

... A H'^iXo) 4 ifL(^t) ^ HU^,) a H^n-kiXo) A H^+\Xq) 4 ... (A.27) 

The maps are as follows. The map ^ A" is a homotopy equivalence, so we have 
H*{Xo) ^ H*{X). The inclusion i : Xt ^ X yields the restriction map i* : H^{X) 
H^{Xt) on cohomology. The map f3 is simply the composition of Poincare duality on 
Xt, H^{Xt) H2n-k{Xt), followed by the inclusion u : H2n-k{Xt) H2n-k{'^) = 
H2n-k{Xo)- Of course Poincare duality on a smooth space is an isomorphism, so the 
interesting part of this map is i*. Finally, the map a is the composition of Poincare 
duality on the total space X, H2n-k{X) — )■ H'^^^{X ,dX), followed by the natural map 
H^^'^[X ,dX) — H^^'^[X). All the maps are morphisms of mixed Hodge structures, i.e. 
morphisms of the underlying lattices which preserves both the Hodge and the weight 
filtration, with a degree shift on the Hodge type: a has degree (n+ 1, n + 1), i* has degree 
(0, 0), N has degree (—1, —1), and ^ has degree (— n, —n). 

To summarize, given a semi-stable degeneration, we can figure out the behaviour of 
the periods by taking the following steps: we find the mixed Hodge structure on the 
central fiber, which can be deduced from a stratification as in equation (A. 14); then we 
use Clemens-Schmid or alternatively the logarithmic cohomology groups to figure out the 
limiting mixed Hodge structure and the nilpotent orbit; and finally we use the nilpotent 
orbit theorem to conclude that the latter is a good approximation to the periods. 

Appendix B: On the value of the holomorphic Chern-Simons action 

We discussed some aspects of holomorphic Chern-Simons theory in section 3. Here we 
would like to would like to argue that the value of the holomorphic Chern-Simons action 
evaluates to zero for holomorphic bundles that admit a spectral construction, modulo the 
usual periodic identifications. We were motivated to write this appendix after a question 
raised by E. Witten regarding the Chern-Simons contribution to the gravitino mass in 
heterotic string compactifications, 777.3/2 = e'^/^jWol. 
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Prom the perspective of heterotic/F-theory duality, the reason for the vanishing is 
very simple. The superpotential of the dual F-theory compactification is given by 

Wf ^ ^ [ 0^'°AG (B.l) 
27r Jy 

The part of the G-fiux that comes from the hctcrotic bundle data is of Hodge type (2, 2). 
The superpotential automatically evaluates to zero on such fluxes. The same argument 
implies that the D7-brane superpotential does not contribute to the gravitino mass in lib 
vacua that can be hfted to F-theory. 

This argument not very direct and perhaps somewhat unsatisfactory. We will try to 
give a more conceptual argument below. It relies however on a construction which is still 
partly conjectural. 

Let us consider a holomorphic G-bundlc on an elliptically fibered Calabi-Yau three- 
fold Z with section. We assume that the bundle is semi-stable on generic fibers. Let 
us temporarily focus our attention on a single elliptic fiber E. For every semi-stable G- 
bundle on E, we can construct a rational surface R containing E as the boundary, and a 
canonical G-bundle V on R, such that the restriction V\e recovers our G- bundle on E. 
This is relatively well-known when G is an exceptional group, in which case i? is a del 
Pezzo surface [51, 55], but it can in fact be done for any gauge group G (see eg. [56]). For 
the case G = 5*0(32), this plays an important role in the SO (32) limit of F-theory [7]. 

We can now consider a relative version of this construction, by fibering over a base 
B. We will want to consider the case ti : Z ^ B where Z is our Calabi-Yau three-fold. 
Then we should get a holomorphic bundle F on a log four-fold {Y, Z) which restricts to 
our original bundle on Z. Furthermore, we expect that the twisting data is given by 

^ = Pi(V) -^p,(TY i-logZ)) (B.2) 

These statements have not been fully shown. The current method is to do a Fourier- 
Mukai transform along the elliptic fibers and then use a cylinder mapping to construct Y 
together with a Deligne cohomology class, and this has not been carried out for all groups 
G. When it has, it has not been shown mathematically that the resulting (2, 2) fiux can 
be interpreted as above. But we believe that these constructions can be carried out. 

Assuming this, we see that our holomorphic bundle on Z can actually be extended to 
a holomorphic bundle on (Y, Z) . By the transgression argument discussed previously in 
section 3, we can now directly show that the holomorphic Chern-Simons action can be 
rewritten as 

Wcs = ^^n^'°A(G-Go) (B.3) 

with the G-flux above. Here we added a reference flux Go such that G — Go restricts to 
zero in H'^{Z). Writing Gq^ = du^ it actually depends only on u\z- The dependence on 
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a basepoint can be cancelled when we consider the full Chern-Simons action, by tadpole 
cancellation in the heterotic string, or because the relevant G-flux lives in ker(d^) from 
the point of view of section 4. 

Now since our extended bundle is holomorphic, G is of type (2,2), and so the holo- 
morphic Chern-Simons action evaluates to zero. Conceptually this is the holomorphic 
analogue of a statement in ordinary Chern-Simons theory, which says that the action 
automatically vanishes if a fiat connection on a real three-manifold M3 can be extended 
to a flat connection on M4 with M3 = 9M4, as one would have Tr(F A F) = 0. 

The argument may be applied to other examples. Consider for instance a quintic 
three-fold. It is precisely the log boundary of P"^. So any bundle on the quintic that 
extends to a holomorphic bundle on P^, or is constructed from such, should have zero 
Chern-Simons invariant. 

One may wonder at this point if one can produce examples with non-zero Chern- 
Simons invariant, and hence non-zero gravitino mass. At least if one ignores the issue 
of stability, then it is not hard to do so. Let us simply take a configuration of curves 
Ci on the quintic, and wrap heterotic five-branes on them with multiplicity n*, such that 
^•n*[Cj] is a trivial class in homology. Then by classic work of Griffiths and Clemens 
(see eg. [54]), there are configurations whose Abel-Jacobi map is non-zero, for example 
the difference of two lines. By a theorem of Voisin, such examples exist on all famihes 
of Calabi-Yau three-folds. By varying moduli we can take the projection on the (0, 3) 
component to be non-zero. However such a configuration is clearly not stable as some of 
the have to be taken negative. Producing stable examples appears to be harder. 
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